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ENTRY AND VERTICAL DIFFERENTIATION 
 
Dirk Bergemann and Juuso Välimäki 
 
October 2000 
Hqwu| dqg Yhuwlfdo Glhuhqwldwlrq
Glun Ehujhpdqq_ Mxxvr Yçolpçnlh
Iluvw Yhuvlrq= Mxqh 5333
Wklv Yhuvlrq= Vhswhpehu 5333
Devwudfw
Wklv sdshu dqdo|}hv wkh hqwu| ri qhz surgxfwv lqwr yhuwlfdoo| glhuhqwldwhg pdunhwv zkhuh
dq hqwudqw dqg dq lqfxpehqw frpshwh lq txdqwlwlhv1 Wkh ydoxh ri wkh qhz surgxfw lv lqlwldoo|
xqfhuwdlq dqg qhz lqirupdwlrq lv jhqhudwhg wkurxjk sxufkdvhv lq wkh pdunhw1 Zh ghulyh wkh
+xqltxh, Pdunry shuihfw htxloleulxp ri wkh lqqlwh krul}rq jdph xqghu wkh vwurqj orqj uxq
dyhudjh sd|r fulwhulrq1
Wkh txdolwdwlyh ihdwxuhv ri wkh rswlpdo hqwu| vwudwhj| duh vkrzq wr ghshqg h{foxvlyho| rq
wkh uhodwlyh udqnlqj ri hvwdeolvkhg dqg qhz surgxfwv edvhg rq fxuuhqw eholhiv1 Vxshulru surg0
xfwv duh odxqfkhg uhodwlyho| vorzo| dqg dw kljk lqlwldo sulfhv zkhuhdv vxevwlwxwhv iru h{lvwlqj
surgxfwv duh odxqfkhg djjuhvvlyho| dw orz lqlwldo sulfhv1
Wkh urexvwqhvv ri wkhvh uhvxowv zlwk uhvshfw wr glhuhqw prgho vshflfdwlrqv lv glvfxvvhg1
Mho Fodvvlilfdwlrq= F:5/ F:6/ G76/ G;61
Nh|zrugv= Hqwu|/ Gxrsro|/ Txdqwlw| Frpshwlwlrq/ Yhuwlfdo Glhuhqwldwlrq/ Ed|hvldq Ohduq0
lqj/ Pdunry Shuihfw Htxloleulxp/ H{shulphqwdwlrq/ H{shulhqfh Jrrgv1
WWkh dxwkruv wkdqn Skloolsh Djklrq/ Johqq Hoolvrq/ H}ud Iulhgpdq/ Dulho Sdnhv dqg Urelq Pdvrq/ lq sduwlfxodu/
iru khosixo frpphqwv1 Ilqdfldo vxssruw iurp QVI Judqw VEU <:3<;;: dqg <:3<673/ uhvshfwlyho|/ lv judwhixoo|
dfnqrozhgjhg1 Wkh uvw dxwkru zlvkhv wr wkdqn wkh Ghsduwphqw ri Hfrqrplfv dw wkh Xqlyhuvlw| ri Pdqqkhlp iru
lwv krvslwdolw| dqg wkh Vordq Irxqgdwlrq iru qdqfldo vxssruw wkurxjk d Idfxow| Uhvhdufk Ihoorzvkls1
_Ghsduwphqw ri Hfrqrplfv/ \doh Xqlyhuvlw|/ Qhz Kdyhq/ FW 398530;59;/ X1V1D1/ glun1ehujhpdqqC|doh1hgx1





Lq wklv sdshu/ zh dqdo|}h wkh rswlpdo hqwu| vwudwhjlhv iru glhuhqw w|shv ri h{shulhqfh jrrgv lq
d g|qdplf Frxuqrw gxrsro| zlwk yhuwlfdoo| glhuhqwldwhg ex|huv1 Rxu pdlq jrdo lv wr rewdlq
d fkdudfwhul}dwlrq ri wkh ihdwxuhv ri wkh qhz surgxfw wkdw ohdg wr txdolwdwlyho| glhuhqw hqwu|
vwudwhjlhv1 Zh vkrz wkdw d qhz surgxfw wkdw uhsuhvhqwv d fhuwdlq lpsuryhphqw wr dq h{lvwlqj
surgxfw lv odxqfkhg lq wkh pdunhw dw sulfhv deryh wkh vwdwlf htxloleulxp ohyho dqg vdohv txdqwlwlhv
ehorz wkh vwdwlf ohyho1 D qhz surgxfw wkdw kdv d srvlwlyh suredelolw| ri ehlqj wkh ohdglqj eudqg
lq wkh pdunhw/ exw dovr d srvlwlyh suredelolw| ri ehlqj uhyhdohg lqihulru wr wkh fxuuhqw surgxfw/ lv
odxqfkhg zlwk d pruh djjuhvvlyh vwudwhj| zkhuh wkh lqlwldo sulfhv duh orz dqg lqlwldo vdohv h{fhhg
wkh vwdwlf htxloleulxp txdqwlwlhv1
Wkh upv frpshwh lq d frqwlqxrxv wlph prgho zlwk dq lqqlwh krul}rq1 Wkh xqfhuwdlqw|
derxw wkh qhz surgxfw lv frpprq wr doo ex|huv lq wkh pdunhw1 Dgglwlrqdo lqirupdwlrq derxw
wkh txdolw| ri wkh qhz surgxfw lv jhqhudwhg rqo| wkurxjk h{shulphqwv/ l1h1 wkurxjk sxufkdvhv lq
wkh pdunhw1 Wkh lqirupdwlrq jhqhudwhg lv dvvxphg wr eh sxeolf dqg zkloh wkh h{dfw phfkdqlvp
ri lqirupdwlrq wudqvplvvlrq lv ohiw xqprghoohg/ lw lv prwlydwhg e| frqvlghudwlrqv vxfk dv zrug ri
prxwk frppxqlfdwlrq ehwzhhq wkh ex|huv dqg frqvxphu uhsruw vhuylfhv1 Dv d frqvhtxhqfh/ doo
ex|huv kdyh lghqwlfdo eholhiv derxw wkh qhz surgxfw/ dqg zh fdq uhsuhvhqw wkh vwdjh jdph dv d
yhuwlfdoo| glhuhqwldwhg txdqwlw| jdph sdudphwul}hg e| wkh frpprq eholhi derxw wkh qhz surgxfw1
H{dpsohv ri pdunhwv zkhuh wkh dvvxpswlrqv ri frpprq ydoxh +dvlgh iurp wkh dvshfw ri yhuwlfdo
glhuhqwldwlrq, dqg frpprq lqirupdwlrq pd| eh ydolg lqfoxgh wkh hqwu| lq vhuylfh pdunhwv vxfk
dv qhz dluolqhv fduulhuv ru qhz surylghuv ri frppxqlfdwlrqv vhuylfhv1 Khuh wkh frpprq ydoxh lv
wkh +h{shfwhg, shuirupdqfh ru uholdelolw| ri wkh qhz vhuylfh1 Wkh qhz lqirupdwlrq lv wkh vxp ri doo
lglrv|qfudwlf h{shulhqfhv e| wkh ex|huv1 Vlqfh dq lqglylgxdo ex|hu ghflghv edvhg rq wkh h{shfwhg
shuirupdqfh/ doo lglrv|qfudwlf h{shulhqfhv duh ri htxdo ydoxh lq surylglqj lqirupdwlrq1
Zh kdyh fkrvhq d prgho ri txdqwlw| frpshwlwlrq dv wkh vwdjh jdph1 Zlwk wklv fkrlfh/ zh
h{whqg wkh vfrsh ri yldeoh qhz surgxfwv1 Lq sduwlfxodu/ txdqwlw| frpshwlwlrq doorzv iru wkh
srvvlelolw| ri odxqfklqj dq lqqrydwlrq zklfk eulqjv wkh wzr frpshwlwruv forvhu wr hdfk rwkhu
zlwkrxw fkdqjh lq wkh ohdghuvkls1 Lq d prgho ri sulfh frpshwlwlrq/ vxfk lqqrydwlrqv zrxog qhyhu
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eh surwdeoh dqg dv d uhvxow/ lpsuryhg vxevwlwxwhv zrxog qhyhu eh revhuyhg1 Lq wkrvh prghov/ wkh
surwv ri erwk upv ydqlvk dv wkh vxevwlwxwdelolw| ri wkh wzr surgxfwv lqfuhdvhv dqg dv d uhvxow/
wkh vwdwlf surw ixqfwlrqv ri wkh wzr upv duh qrqprqrwrqlf lq wkh ohyho ri glhuhqwldwlrq1 Zh
eholhyh wkdw d prgho zkhuh hdfk up*v surw lv lqfuhdvlqj lq lwv rzq txdolw| lv ehwwhu vxlwhg iru d
g|qdplf lqyhvwljdwlrq ri d pdunhw zlwk yhuwlfdo glhuhqwldwlrq1
Lq rughu wr vlpsoli| wkh dqdo|vlv/ zh dvvxph wkdw wkhuh lv qr glvfrxqwlqj1 Dv zh zdqw wr vwd|
forvh wr wkh prgho zlwk vpdoo glvfrxqwlqj/ zh xvh wkh vwurqj orqj uxq dyhudjh fulwhulrq dv ghqhg
lq Gxwwd +4<<4, dv wkh lqwhuwhpsrudo hydoxdwlrq fulwhulrq1 Wklv fulwhulrq fdq eh mxvwlhg dv wkh
olplw ri prghov zkhuh wkh glvfrxqw udwh lv whqglqj wr }hur/ dqg lw uhwdlqv wkh uhfxuvlyh irupxodwlrq
ri vwdqgdug glvfrxqwhg g|qdplf surjudpplqj1 Xqghu wkh dvvxpswlrqv ri qr glvfrxqwlqj dqg
txdqwlw| frpshwlwlrq/ lw lv vxusulvlqjo| vlpsoh wr h{dplqh wkh Pdunry shuihfw htxloleuld ri wkh
prgho1 Lq vhfwlrq 8/ zh vkrz wkdw iru txlwh jhqhudo ghpdqg vwuxfwxuhv/ wkh frpsdulvrqv ehwzhhq
vwdwlf dqg g|qdplf htxloleulxp srolflhv fdq eh edvhg h{foxvlyho| rq lqirupdwlrq derxw vwdwlf sd|r
ixqfwlrqv1 Lw lv vx!flhqw wr fdofxodwh wkh vwdwlf htxloleulxp surwv iru d jlyhq eholhi dqg frpsduh
wkdw zlwk wkh orqj uxq dyhudjh surwv iru wkh vdph eholhi1 Zkhqhyhu wkh orqj uxq dyhudjh surw iru
wkh hqwudqw h{fhhgv wkh p|rslf surw/ wkhuh lv dq lqfhqwlyh wr jhqhudwh dgglwlrqdo lqirupdwlrq dqg
dv d uhvxow/ wkh g|qdplf htxloleulxp txdqwlw| h{fhhgv wkh p|rslf htxloleulxp sulfh1 Li wkh p|rslf
htxloleulxp surw h{fhhgv wkh orqj uxq surw/ wkh hqwudqw lv ehvw vhuyhg zlwk d vorz jhqhudwlrq
ri qhz lqirupdwlrq/ dqg dv d uhvxow/ wkh htxloleulxp txdqwlw| idoov ehorz wkh p|rslf ohyho1 Lw lv
krshg wkdw wkh vlpsolflw| ri wkh whfkqltxh ri xqglvfrxqwhg g|qdplf surjudpplqj dv xvhg khuh
zloo suryh xvhixo lq rwkhu dssolfdwlrqv eh|rqg wkh vfrsh ri wklv sdshu1
Lq vhfwlrq 7/ zh dvvxph wkdw wkh xqghuo|lqj vwdjh jdph lv wkh vwdqgdug olqhdu prgho xvhg
lq wkh olwhudwxuh rq yhuwlfdo glhuhqwldwlrq1 Wklv doorzv xv wr lqwhusuhw wkh g|qdplf htxloleuld
lq dq hfrqrplfdoo| lqwxlwlyh pdqqhu1 Xvlqj wkh fxuydwxuh surshuwlhv ri wkh vwdjh jdph surw
ixqfwlrqv/ zh vkrz wkdw djjuhvvlyh hqwu| fruuhvsrqgv wr uhodwlyho| orz +fxuuhqw, h{shfwhg txdolw|
ri wkh hqwudqw*v surgxfw zkloh fdxwlrxv hqwu| fruuhvsrqgv wr kljk h{shfwhg txdolw|1 Lq wkh olqhdu
prgho/ zh fdq dovr vroyh wkh g|qdplf htxloleulxp srolflhv h{solflwo| dqg dv d uhvxow/ zh jhw d vhw
ri hpslulfdoo| whvwdeoh suhglfwlrqv iru wkh prgho1
Wkh sdshu surfhhgv dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh edvlf prgho dqg wkh ohduqlqj hqyl0
urqphqw1 Vhfwlrq 6 ghulyhv wkh ehqfkpdun uhvxowv ri wkh vwdwlf gxrsro| jdph1 Wkh pdlq uhvxowv
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duh wkhq suhvhqwhg iru wkh vwdqgdug olqhdu ghpdqg vshflfdwlrq lq Vhfwlrq 7 zkhuh zh ghulyh wkh
Pdunry shuihfw htxloleulxp ri wkh lqwhuwhpsrudo jdph1 Lq Vhfwlrq 8/ zh h{whqg wkh prgho eh|rqg
wkh olqhdu vshflfdwlrq dqg vkrz wkdw wkh txdolwdwlyh frqfoxvlrqv h{whqg wr pxfk pruh jhqhudo
ghpdqg vwuxfwxuhv1 Doo wkh surriv duh uhohjdwhg wr dq dsshqgl{1
415 Uhodwhg Olwhudwxuh
Rxu prgho lv uhodwhg wr d qxpehu ri eudqfkhv lq wkh olwhudwxuh rq lpshuihfw frpshwlwlrq1 Wkh
prgho ri yhuwlfdo glhuhqwldwlrq zdv uvw ghyhorshg lq wkh frqwh{w ri d gxrsro| prgho e| Jde0
v}hzlf} ) Wklvvh +4<:<,/ +4<;3,/ dqg Vkdnhg ) Vxwwrq +4<;5,/ +4<;6,1 Wkh hpskdvlv lq wkrvh
prghov zdv rq wkh rswlpdo fkrlfhv ri surgxfw txdolwlhv iru frpshwlqj surgxfhuv1 Wkh surgxfw
fkdudfwhulvwlfv zhuh frpprqo| nqrzq wr doo wkh sduwlflsdqwv lq wkh pdunhw/ dqg wkh txdolw| fkrlfhv
e| wkh upv zhuh iroorzhg e| d vhfrqg vwdjh sulfh frpshwlwlrq1 Jdo0Ru +4<;6, dqg Erqqdqr +4<;9,
uvw frqvlghuhg txdqwlw| frpshwlwlrq lq d prgho ri yhuwlfdo glhuhqwldwlrq1 Rxu sulpdu| lqwhuhvw
lq wklv sdshu lv lq h{sodlqlqj wkh revhuyhg glhuhqfhv lq wkh txdolwdwlyh ihdwxuhv ri lqlwldo sulflqj1
Wr doorz iru d zlgh udqjh ri srvvlelolwlhv/ zh zdqw wr kdyh wkh  h{lelolw| lq wkh ghpdqg vwuxfwxuh
drughg e| yhuwlfdo glhuhqwldwlrq1
Wkh uhfhqw olwhudwxuh rq h{shulphqwdwlrq dqg vwudwhjlf h{shulphqwdwlrq kdv frqvlghuhg prghov
forvho| uhodwhg wr wkh rqh dqdo|}hg khuh1 Hduo| prghov vxfk dv Urwkvfklog +4<:7, dqg PfOhqqdq
+4<;7, frqvlghu wkh ohduqlqj sureohp ri d prqrsrolvw idflqj d {hg ghpdqg fxuyh zlwk xqnqrzq
sdudphwhuv14 Djklrq/ Hvslqrvd ) Mxoolhq +4<<6,/ Kduulqjwrq +4<<8, dqg Nhoohu ) Udg| +4<<;,
dqdo|}h d gxrsrolvwlf pdunhw zkhuh wzr frpshwlwruv ohduq derxw wkh vxevwlwxwdelolw| ehwzhhq
wkhlu surgxfwv1 Lq wkhvh prghov/ xvhixo lqirupdwlrq ehfrphv dydlodeoh zkhqhyhu hlwkhu ri wkh
upv pdnhv d vdoh1 Wkh pdlq glhuhqfh ehwzhhq wkhvh sdshuv dqg wkh fxuuhqw sdshu lv wkdw khuh
wkh dfwxdo ghpdqg fxuyh/ dqg qrw rqo| wkh eholhiv derxw wkh ghpdqg/ ghshqgv rq sdvw vdohv1
Ehujhpdqq ) Yçolpçnl +4<<:, frqvlghuv wkh hqwu| sureohp ri d qhz surgxfw lq d vlwxdwlrq zkhuh
wkh ex|huv duh krul}rqwdoo| glhuhqwldwhg1 Hyhq wkrxjk wkh dqdo|vlv lq wkdw sdshu xvhv wrrov
vlplodu wr wkh fxuuhqw sdshu/ wkh hfrqrplf qglqjv lq wkh wzr sdshuv duh txlwh glhuhqw uh hfwlqj
4Wkh prqrsro| ohduqlqj sureohp lv ixuwkhu dqdo|}hg/ dprqj rwkhuv/ lq Suhvfrww +4<:5,/ Nlkovwurp/ Plupdq )
Srvwohzdlwh +4<;7,/ Hdvoh| ) Nlhihu +4<;;,/ Djklrq/ Erowrq/ Kduulv ) Mxoolhq +4<<4,/ Plupdq/ Vdpxhovrq ) Xuedqr
+4<<6,/ dqg Wuh"hu +4<<6,1
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wkh glhuhqfhv ehwzhhq yhuwlfdo dqg krul}rqwdo glhuhqwldwlrq1 D vwudwhjlf ohduqlqj prgho lq
frqwlqxrxv wlph zlwkrxw glvfrxqwlqj dsshduhg dovr lq dq hduo| yhuvlrq ri Erowrq ) Kduulv +4<<<,1
Wr rxu nqrzohgjh/ wkh fxuuhqw sdshu lv wkh uvw prgho ri hqwu| zlwk yhuwlfdo glhuhqwldwlrq
dqg xqfhuwdlq ghpdqg15 Lq wkh devhqfh ri yhuwlfdo glhuhqwldwlrq/ wkh suhylrxv prghov ri hqwu|
fdqqrw jhqhudwh txdolwdwlyho| glhuhqw suhglfwlrqv iru wkh vshhg ri hqwu| iru glhuhqw w|shv ri
qhz surgxfwv1 Wkh sxeolf revhuydelolw| ri xwlolw| vljqdov lv fhqwudo wr vrph uhfhqw prghov ri
zrug0ri0prxwk frppxqlfdwlrq vxfk dv PfIdgghq ) Wudlq +4<<9,1
Ilqdoo|/ frqglwlrqv iru lqlwldoo| kljk sulfhv kdyh ehhq rewdlqhg lq dv|pphwulf lqirupdwlrq
prghov ri hqwu|1 Lq wkrvh sdshuv/ wkh prqrsrolvw lv dvvxphg wr nqrz wkh wuxh ydoxh ri wkh
surgxfw/ dqg wkh sulfhv fkrvhq vhuyh dv vljqdov ri wkh wuxh txdolw|1 D surplqhqw h{dpsoh ri vxfk
prghov lv Edjzhoo ) Ulrugdq +4<<4, zkhuh kljk dqg ghfolqlqj sulfhv vhuyh dv vljqdov ri kljk
surgxfw txdolw|1 Mxgg ) Ulrugdq +4<<7, frqvlghu d prgho zlwk lqlwldoo| v|pphwulf lqirupdwlrq
zkhuh sulydwh vljqdov duh uhfhlyhg e| wkh prqrsrolvw dqg wkh ex|huv diwhu uvw shulrg fkrlfhv1 Wkh
up wkhq idfhv d vljqdoolqj sureohp lq wkh vhfrqg shulrg1 Wkh uhvxowv lq wkhvh prghov ghshqg
rq wkh ghwdlov ri wkh lqirupdwlrq uhyhodwlrq phfkdqlvp dqg wkh frvw vwuxfwxuh1 Lq rxu prgho/
wkh uhvxowv ghshqg rqo| rq wkh txdolw| glhuhqfh ehwzhhq wkh surgxfwv zklfk fdq lq sulqflsoh eh
lqihuuhg gluhfwo| iurp wkh uhdol}hg sulfhv1
5 Prgho
Lq wklv vhfwlrq zh uvw ghvfuleh wkh suhihuhqfhv ri wkh ex|huv dqg wkhq lqwurgxfh wkh vwrfkdvwlf
hqylurqphqw lq zklfk wkh jdph lv sod|hg1 Wkh lqfxpehqw L dqg wkh hqwudqw H frpshwh lq
txdqwlwlhv lq d pdunhw zlwk yhuwlfdoo| glhuhqwldwhg surgxfwv1 Wlph lv frqwlqxrxv dqg wkh wlph
krul}rq lv lqqlwh/ zlwk w 5 ^3>4,1 Wkh lqfxpehqw lv zhoo hvwdeolvkhg lq wkh pdunhw dqg lwv
surgxfw fkdudfwhulvwlfv duh frpprq nqrzohgjh dw wkh ehjlqqlqj ri wkh jdph1 Wkh hqwudqw kdv d
qhz surgxfw zkrvh ydoxh lv lqlwldoo| xqfhuwdlq dqg zkrvh ydoxh fdq eh ohduqhg ryhu wlph wkurxjk
h{shulhqfh1 Wkh pdujlqdo frvw ri surgxfwlrq lv qrupdol}hg wr }hur iru erwk upv1
5D uhfhqw sdshu e| Fklqj +4<<<, surylghv vwuxfwxudo hvwlpdwlrqv iru d prgho zlwk yhu| vlplodu ihdwxuhv wr wkh
rqh frqvlghuhg khuh1 Kh hvwlpdwhv wkh hqwu| ehkdylru iru jhqhulf guxjv lq prgho ri yhuwlfdo glhuhqwldwlrq zlwk
pdunhw ohduqlqj derxw d frpprq xqfhuwdlq sdudphwhu +dwwulexwhv ri wkh jhqhulf guxj,1
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Wkh suhihuhqfhv ri wkh ex|huv duh ghvfulehg e| d prgho ri yhuwlfdo glhuhqwldwlrq1 Wkh ex|huv
duh fkdudfwhul}hg e| d sdudphwhu  zklfk lv dvvxphg wr eh glvwulexwhg rq wkh lqwhuydo ^3> 4`
dffruglqj wr d wzlfh frqwlqxrxvo| glhuhqwldeoh ghqvlw| ixqfwlrq i +,1 Lq pxfk ri wkh sdshu/ zh
zloo dvvxph wkdw i +, lv xqlirup1 Wkh sdudphwhu  ri ex|hu l fdq eh lqwhusuhwhg dv khu zloolqjqhvv
wr sd| +ru wkh lqyhuvh ri wkh pdujlqdo xwlolw| ri lqfrph,1 Hdfk ex|hu kdv d xqlw ghpdqg dw hdfk
lqvwdqw ri wlph1 Wkh lqfxpehqw*v surgxfw/ dovr fdoohg wkh hvwdeolvkhg ru vdih surgxfw/ kdv txdolw|
v zlwk v A 3 wr doo ex|huv1 Wkh ydoxh ri wkh vdih surgxfw wr ex|hu l lv wkhq wkh surgxfw ri klv
zloolqjqhvv wr sd| dqg wkh ydoxh ri wkh surgxfw/ ru
v1
V|pphwulfdoo|/ wkh ydoxh ri wkh xqfhuwdlq surgxfw iru lqglylgxdo l lv jlyhq e|
1
Wkh ydoxh/ > ri wkh qhz surgxfw lv lqlwldoo| xqnqrzq wr doo sduwlhv1 Lw fdq eh hlwkhu orz ru kljk=
 5 iu> Mj /
zlwk 3  u ? M ? 4= Lqlwldoo| doo pdunhw sduwlflsdqwv kdyh d frpprq sulru eholhi f wkdw wkh
qhz surgxfw kdv d kljk ydoxdwlrq/ ru
f @ Su + @ M, 1
Wkh h{shfwhg ydoxh jlyhq d eholhi  +w, lq shulrg w lv ghqrwhg e|  + +w,,/ zkhuh
 + +w,, ]  +w,M . +4  +w,,u1
Vlqfh wkh ex|huv duh qrqdwrplf/ wkh| kdyh qr lqglylgxdo hhfw rq sulfhv dqg txdqwlwlhv dqg
dv d uhvxow/ wkh| fkrrvh dffruglqj wr wkhlu p|rslf suhihuhqfhv dw hdfk vwdjh16 Wr frpsohwh wkh
ghvfulswlrq ri wkh vwdjh jdph sd|rv/ zh qhhg wr vshfli| wkh surw ixqfwlrqv iru wkh wzr upv1 Wkh
surwv uhvxowlqj iurp d yhfwru ri txdqwlwlhv +TU +w, >T. +w,, duh jlyhq e| S +w,T +w, iru l @ L>H>
zkhuh wkh S +w, duh rewdlqhg iurp vwdwlf pdunhw fohdulqj frqglwlrqv1 Wkh g|qdplf jdph sd|rv
iru wkh wzr upv duh glvfxvvhg lq vhfwlrq 71
6Zh duh lpsolflwo| dvvxplqj wkdw wkh upv* lqirupdwlrq vhwv frqvlvw ri doo sdvw pdunhw revhuydwlrqv/ l1h1 doo sdvw
sulfhv dqg txdqwlwlhv1
9
Wkh xqfhuwdlqw| derxw wkh qhz surgxfw fdq rqo| eh uhvroyhg ryhu wlph e| h{shulhqfh zlwk wkh
qhz surgxfw1 Wkh lqirupdwlrq frqwdlqhg lq dq| lqglylgxdo sxufkdvh lv qrlv| dqg wkxv fdq rqo|
surylgh dq lpsuryhg exw qrw shuihfw hvwlpdwh ri wkh qhz surgxfw1 Zh dvvxph wkdw wkh hyroxwlrq
ri wkh eholhi derxw wkh txdolw| ri wkh qhz surgxfw lv jryhuqhg e| wkh iroorzlqj glxvlrq surfhvv=
g +w, @
u
t. +w, +w, +4  +w,, +M  u,
2
gE +w, > +4,
zkhuh E +w, lv wkh vwdqgdug Zlhqhu surfhvv dqg t. +w, lv wkh vdohv txdqwlw| ri wkh hqwudqw lq shulrg
w1 Lq wkh dsshqgl{/ zh surylgh d plfurirxqgdwlrq iru wklv sduwlfxodu irup ri wkh hyroxwlrq ri wkh
eholhiv1 Wkhuh zh ghulyh wkh glxvlrq surfhvv  +w, iurp d glvfuhwh wlph prgho zlwk d qlwh qxpehu
ri ex|huv/ zkhuh hdfk ex|hu lv vdpsolqj iurp d qrupdo glvwulexwlrq zlwk nqrzq yduldqfh 2 dqg
xqnqrzq phdq / zklfk lv hlwkhu u ru M 1 Dv zh wdnh wkh olplw erwk zlwk uhvshfw wr wkh qxpehu
ri ex|huv dqg wkh wlph hodsvhg ehwzhhq dq| wzr shulrgv/ wkh uhvxowlqj hyroxwlrq ri wkh srvwhulru
eholhi lv jlyhq e| wkh vwrfkdvwlf glhuhqwldo htxdwlrq deryh1
Revhuyh wkdw ehlqj d srvwhulru eholhi/  +w, iroorzv d pduwlqjdoh/ l1h1 kdv d }hur guliw1 Wkh
yduldqfh ri wkh surfhvv lv dw lwv odujhvw zkhq  +w, lv dzd| iurp lwv erxqgdulhv dv wkh pdujlqdo
lpsdfw ri qhz lqirupdwlrq lv dw lwv odujhvw zkhq wkh srvwhulru lv uhodwlyho| lpsuhflvh1 Wkh hfrqrplf
dvvxpswlrq ehklqg wkh irup ri wklv sduwlfxodu surfhvv lv wkdw wkh yduldqfh lq wkh srvwhulru eholhi
lv olqhdu lq wkh txdqwlw| ri vdohv e| wkh hqwudqw1 Lq rwkhu zrugv/ wkh lqirupdwlyhqhvv ri wkh pdunhw
h{shulphqw jurzv olqhduo| lq wkh vdohv ri wkh hqwudqw1 Wkh uhpdlqlqj whup lq wkh h{suhvvlrq/
>M3>u
j2
> lv vrphwlphv uhihuuhg wr dv wkh vljqdo wr qrlvh udwlr dv lw phdvxuhv wkh vwuhqjwk ri wkh
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Iurp htxdwlrq4/ zh vhh wkdw dv orqj dv t. +w, lv erxqghg dzd| iurp 3 iru doo w/  +w, frqyhujhv
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zkhuh ! +, lv dq duelwudu| frqwlqxrxv dqg slhfhzlvh vprrwk ixqfwlrq ri = Wklv uhvxow doorzv xv
wr xvh wkh vwurqj orqj uxq dyhudjh dv wkh lqwhuwhpsrudo hydoxdwlrq fulwhulrq lq rxu prgho1
:
6 Vwdwlf Htxloleulxp
Lq wklv vhfwlrq/ zh ghulyh vrph ri wkh edvlf htxloleulxp surshuwlhv lq d vwdwlf prgho iru wkh fdvh
zkhuh i +, lv wkh xqlirup ghqvlw|1 Wkh ydoxh ri wkh vdih surgxfw lv v dqg ri wkh qhz surgxfw
lv  +, iru d jlyhq 1 Lq wkh ghvfulswlrq ri wkh htxloleulxp frqglwlrqv zh vkdoo dvvxph wkdw
 +,  v1 Wkh fruuhvsrqglqj uhvxowv iru  +, A v duh v|pphwulf dqg vwdwhg lq wkh uhohydqw
sursrvlwlrq dv zhoo1 Ghqh 6 dv wkh eholhi dw zklfk wkh h{shfwhg ydoxh ri wkh qhz surgxfw lv
htxdo wr wkh hvwdeolvkhg rqh=
 +6, @ v / 6 @ v u
M  u
=
Wkh vwdwlf sulfhv duh ghqrwhg e| S. dqg SU iru wkh hqwudqw dqg wkh lqfxpehqw uhvshfwlyho|1
Wkh txdqwlwlhv duh ghqrwhg e| T. dqg TU 1 Wkh htxloleulxp sulfhv dqg txdqwlwlhv duh ghqrwhg
e| S +, dqg T +, dv zh duh lqwhuhvwhg lq wkh frpsdudwlyh vwdwlf ehkdylru ri wkh htxloleulxp
yduldeohv dv d ixqfwlrq ri wkh eholhi 1 Qdwxudoo|/ wkh hyroxwlrq ri wkh eholhi  lv ri qr uhohydqfh
lq wkh vwdwlf prgho1
Wkh htxloleulxp frqglwlrqv duh jlyhq e| wkh surw pd{lpl}dwlrq frqglwlrqv ri wkh upv dqg
wkh lqglhuhqfh frqglwlrqv ri wkh pdujlqdo ex|huv1 Wkh odwwhu fdq eh vwdwhg dv
+4TU, v SU @ +4TU, +, S.=
dqg
+4TU T., +, S. @ 3=
Wkh uvw lqglhuhqfh frqglwlrq lpsolhv wkdw dw wkh htxloleulxp sulfhv/ ex|huv zlwk ydoxdwlrqv
 5 ^4TU > 4` suhihu wkh lqfxpehqw1 Wkh vhfrqg lqglhuhqfh frqglwlrq lpsolhv wkdw ex|huv zlwk
ydoxdwlrqv  5 ^4  TU  T.> 4  TU,` suhihu wkh hqwudqw1 Lw dovr iroorzv wkdw doo ex|huv jhw d
qrqqhjdwlyh h{shfwhg xwlolw| iurp wkhlu sxufkdvhv/ exw wkh vhjphqw zlwk wkh orzhvw ydoxdwlrqv
pd| qrw ex| dw doo1 Wkh pdunhw fohdulqj sulfhv iru jlyhq txdqwlwlhv iT.> TUj duh=
S. @  +, +4TU T.,
dqg
SU @ v +4TU,  +,T. =
;
Wkh vwdwlf surw ixqfwlrqv ri wkh upv fdq wkhq eh zulwwhq dv ixqfwlrqv ri wkh txdqwlwlhv iT. >TUj =
. +T. >TU m, @  +,T. +4TU T.,
dqg
U +T. >TU m, @ TU +v +4TU,  +,T., =
Iru  +, @ v/ wkh surwv frlqflgh zlwk wkrvh lq wkh krprjhqrxv jrrgv Frxuqrw prgho1 Wkh
Qdvk htxloleulxp ri wkh gxrsro| lv rewdlqhg e| vroylqj vlpxowdqhrxvo| iru surw pd{lpl}lqj
iT. +, > TU +,j17 Zh revhuyh uvw wkdw wkh hqwudqw*v ehvw uhvsrqvh ixqfwlrq lv lqghshqghqw ri
wkh ohyho ri glhuhqwldwlrq1 Wkh txdqwlw| vhw e| wkh lqfxpehqw up/ TU ghwhuplqhv wkh vl}h ri wkh












Iru hyhu|  +,/ wkh rswlpdo uhdfwlrq wr T. @ 3 lv jlyhq e| wkh prqrsro| txdqwlw| TU @ 2 1 Iru
 +, @ v> wkh hhfw ri wkh hqwudqw*v ghflvlrqv rq wkh rswlpdo uhdfwlrqv ri wkh lqfxpehqw lv dw
lwv vwurqjhvw1 Dv  +, ghfuhdvhv/ wkh ehvw uhvsrqvh ixqfwlrq ri wkh lqfxpehqw ehfrphv  dwwhu/
hyhqwxdoo| frqyhujlqj wr d frqvwdqw rq wkh prqrsro| txdqwlw|1 Lq d vhqvh/ wkh lqfxpehqw up
ehfrphv vwudwhjlfdoo| lqghshqghqw ri wkh hqwudqw dv  +, ghfolqhv1 Zh pd| uhzulwh wkh ehvw







TU +T. +6,, >
vr wkdw wkh ehvw uhvsrqvh ixqfwlrq ri wkh lqfxpehqw lv d zhljkwhg dyhudjh ri wkh prqrsro| ehvw
uhvsrqvh T @ 2 dqg wkh Frxuqrw ehvw uhvsrqvh dw }hur glhuhqwldwlrq/  @ 61 Wkh htxloleulxp
txdqwlwlhv duh ghulyhg h{solflwo| lq wkh dsshqgl{/ khuh zh phuho| vwdwh wkh prqrwrqlflw| surshuwlhv
lq wkh eholhi 1
7Zlwk wkh olqhdu ghpdqg vshflfdwlrq/ wkh surw ixqfwlrq ri hdfk up lv frqfdyh lq lwv rzq txdqwlw|/ dqg
wkhuhiruh uvw rughu frqglwlrqv duh dovr vx!flhqw iru rswlpdolw|1
<
Sursrvlwlrq 4 +Vwdwlf Srolflhv,
41 S. +, >T. +, dqg S. +,T. +, duh lqfuhdvlqj lq 1
51 SU +, >TU +, dqg SU +,TU +, duh ghfuhdvlqj lq 1
Surri1 Vhh dsshqgl{1
Dv h{shfwhg/ wkh txdqwlw| dqg wkh sulfh ri wkh hqwudqw duh lqfuhdvlqj lq 1 Wkh hqwudqw fdq
lqfuhdvh erwk klv vdohv dv zhoo dv klv pdujlqv dv wkh txdolw| lv lpsuryhg1 Wkh lqfxpehqw uhvsrqgv
wr dq lqfuhdvh lq wkh ydoxh ri wkh frpshwlqj surgxfw erwk e| orzhulqj klv vdohv dv zhoo dv klv
pdujlqv1 Lw lv zruwkzkloh wr srlqw rxw wkdw wkh prqrwrqlflw| uhvxow h{whqgv ryhu wkh hqwluh udqjh
ri srvwhulru eholhiv/ dqg krogv dovr durxqg wkh srlqw 6 zkhuh wkh ohdghuvkls ehwzhhq wkh wzr
upv lv fkdqjlqj1 Wklv lv rqh lqvwdqfh zkhuh wkh prgho zlwk txdqwlw| frpshwlwlrq ehkdyhv lq d
pruh uhjxodu pdqqhu wkdq wkh rqh zlwk sulfh frpshwlwlrq/ zklfk glvsod|v qrqprqrwrqlflwlhv lq
wkh sulfhv dqg txdqwlwlhv durxqg wkh vzlwfklqj srlqw 61
Wkh h{shulhqfh jdlqhg e| wkh ex|huv pd| fkdqjh wkh srvwhulru eholhi  hlwkhu xszdugv ru
grzqzdugv1 E| wkh odz ri lwhudwhg h{shfwdwlrq/ wkh phdq ri wkh fkdqjh lv }hur/ exw wkh yduldqfh
lv srvlwlyh1 Dv d uhvxow/ wkh fxuydwxuhv ri wkh surw ixqfwlrqv ri wkh wzr upv lq  duh jrlqj wr
sod| d fhqwudo uroh lq wkh dqdo|vlv ri wkh lqwhuwhpsrudo frpshwlwlrq1
Sursrvlwlrq 5 +Fxuydwxuhv,
41 Iru  +, ? v>
+d, S. +, >T. +, dqg S. +,T. +, duh frqyh{ lq /
+e, SU +, >TU +, dqg SU +,TU +, duh frqfdyh lq 1
51 Iru  +, A v>
+d, S. +, >T. +, dqg S. +,T. +, duh frqfdyh lq /
+e, SU +, >TU +, dqg SU +,TU +, duh frqyh{ lq 1
Surri1 Vhh dsshqgl{1
43
Dq lqwxlwlrq iru wkh fxuydwxuh dv zhoo dv wkh fkdqjh lq wkh fxuydwxuh ri wkh srolflhv dqg
uhyhqxhv fdq eh jlyhq dv iroorzv1 Iru orz srvwhulru eholhiv zkhuh  +, ? v/ d pdujlqdo lqfuhdvh lq
 lqfuhdvhv wkh surw ri wkh hqwudqw wkurxjk wzr fkdqqhov1 Iluvw/ lw lqfuhdvhv wkh sulfh iru {hg
txdqwlwlhv1 Wklv gluhfw hhfw lv wkh vdph dw doo ohyhov ri  dv orqj dv wkh txdqwlwlhv vxssolhg duh
xqfkdqjhg1 Wkhuh lv dovr wkh lqgluhfw hhfw iurp d vwurqjhu frpshwlwlyh srvlwlrq ri wkh hqwudqw
dqg wkh fruuhvsrqglqj uhgxfwlrq lq wkh txdqwlw| ri wkh lqfxpehqw1 Wklv hhfw lv vwurqjhvw zkhq
 lv forvh wr 6/ dqg ydqlvkhv iru yhu| orz ydoxhv ri 1 Wkh frpelqdwlrq ri wkhvh wzr hhfwv ohdgv
wr d frqyh{ surw ixqfwlrq dv orqj dv  +, ? v1 Dv  lqfuhdvhv eh|rqg 6/ wkh srvlwlrq ri wkh
hqwudqw uhvhpeohv lqfuhdvlqjo| rqh ri d prqrsrolvw1 Wkh lqgluhfw hhfw wkhq ehfrphv zhdnhu dqg
lw lv rqo| wkh delolw| ri wkh qhz up wr lqfuhdvh lwv sulfhv zklfk lqfuhdvhv lwv surwv1
Wklv jhqhudo dujxphqw douhdg| lqglfdwhv wkdw wkh fxuydwxuh surshuwlhv frqwlqxh wr krog iru
pruh jhqhudo fodvv ri ghqvlwlhv ryhu wkh vsdfh ri wkh yhuwlfdo glhuhqwldwlrq sdudphwhu  wkdq wkh
xqlirup ghqvlw| dvvxphg khuh1
7 G|qdplf Htxloleulxp
Zh ghqh wkh Pdunry shuihfw htxloleulxp iru wkh gxrsro| jdph lq vxevhfwlrq 714/ zkhuh zh
dovr lqwurgxfh wkh idploldu g|qdplf surjudpplqj htxdwlrqv zlwk glvfrxqwlqj1 Lq vxevhfwlrq 715
zh frqvlghu wkh olplw fdvh ri qr glvfrxqwlqj xqghu wkh rswlpdolw| fulwhulrq ri wkh vwurqj orqj uxq
dyhudjh1 Lq vxevhfwlrq 716 zh wkhq fkdudfwhul}h wkh xqltxh htxloleulxp dqg dvvrfldwhg htxloleulxp
srolflhv1
714 Htxloleulxp
Lq wkh htxloleulxp dqdo|vlv/ zh uhvwulfw rxuvhoyhv wr Pdunryldq srolflhv wr irfxv rq wkh lqwhudfwlrq
ehwzhhq wkh lqirupdwlrq uhyhdohg lq wkh pdunhw dqg wkh srolflhv dgrswhg e| wkh ex|huv dqg vhoohuv1
Wkh htxloleulxp sulfhv dqg txdqwlwlhv lq wkh g|qdplf vhwwlqj duh ghqrwhg e| s +, dqg t +, wr
glvwlqjxlvk wkhp iurp wkhlu vwdwlf frxqwhusduwv1 Wkh ydoxh ixqfwlrqv ri wkh upv fdq wkhq eh
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ghvfulehg e| wkh Kdplowrq0Mdfrel0Ehoopdq htxdwlrqv8
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iru wkh hqwudqw dqg wkh lqfxpehqw uhvshfwlyho|1 Lq wkhvh htxdwlrqv/ wkh uvw whup rq wkh uljkw kdqg
vlgh uhsuhvhqwv wkh  rz sd|r uhvxowlqj iurp wkh htxloleulxp vdohv dw wkh htxloleulxp txdqwlwlhv1
Wkh vhfrqg whup uhsuhvhqwv wkh  rz ydoxh ri lqirupdwlrq zklfk lv frpsrvhg ri wkh yduldqfh ri
wkh srvwhulru eholhi zhljkwhg e| wkh vhfrqg ghulydwlyh ri wkh ydoxh ixqfwlrqv/ zklfk phdvxuhv
wkh pdujlqdo ydoxh ri lqirupdwlrq1 Wkh yduldqfh whup lv htxdo iru erwk upv dv lqirupdwlrq lv
v|pphwulf dqg rqo| vdohv e| wkh hqwudqw jhqhudwh pruh lqirupdwlrq derxw wkh ydoxh ri wkh qhz
surgxfw1 Wkh dwwlwxgh wrzdugv lqirupdwlrq lv uhsuhvhqwhg e| wkh fxuydwxuh ri wkh ydoxh ixqfwlrq
ri hdfk up1 Dv zh zloo vhh vkruwo|/ wkh +vljq ri wkh, fxuydwxuh pd| glhu dqg hyhq fkdqjh lq
htxloleulxp dv d ixqfwlrq ri wkh srvwhulru eholhi 1
Vlqfh hyhu| ex|hu lv ri qhjoljleoh vl}h/ khu ghflvlrq grhvq*w lq xhqfh wkh pdunhw h{shulphqw dqg
khqfh khu ydoxh ri lqirupdwlrq lv lqghshqghqw ri khu ghflvlrq1 Wkh sxufkdvh ghflvlrq ri hdfk ex|hu
lv wkhuhiruh h{foxvlyho| ghwhuplqhg e| wkh fxuuhqw sd|r rhuhg e| wkh ydulrxv dowhuqdwlyhv1 Lq
frqvhtxhqfh/ wkh vruwlqj ri ex|huv lq wkh lqwhuwhpsrudo htxloleulxp zloo glvsod| wkh vdph vwuxfwxuh
dv lq wkh vwdwlf htxloleulxp1 Ex|huv zlwk kljk ydoxdwlrqv zloo ex| iurp wkh dowhuqdwlyh zlwk wkh
p|rslfdoo| vxshulru sd|r dqg ex|huv zlwk orz ydoxdwlrqv zloo ex| iurp wkh dowhuqdwlyh zlwk
wkh p|rslfdoo| lqihulru sd|r1 Wkxv wkh htxloleulxp sulfhv duh ghwhuplqhg djdlq e| wkh vxssolhg
txdqwlwlhv dqg wkh lqglhuhqfh frqglwlrq ri wkh pdujlqdo ex|huv dv lq wkh vwdwlf htxloleulxp=
s. +, @  +, +4 tU +, t. +,, >
sU +, @ v +4 tU +,,  +, t. +, >
+9,
8Vhh Gl{lw ) Slqg|fn +4<<7, ru Kduulvrq +4<;8, iru d frpsohwh ghulydwlrq ri wkh g|qdplf surjudpplqj htxdwlrq
lq frqwlqxrxv wlph zkhq xqfhuwdlqw| lv uhsuhvhqwhg e| d Eurzqldq prwlrq1 Wkh ghulydwlrq lv edvhg rq d glvfuhwh
wlph yhuvlrq zlwk d udqgrp zdon zkhuh wkh olplw lv wdnhq dv wkh wlph hodsvhg ehwzhhq dq| wzr shulrgv frqyhujhv
wr }hur1
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li  +,  v> dqg v|pphwulfdoo|=
s. +, @  +, +4 t. +,, vtU +, >
sU +, @ v +4 tU +, t. +,, >
+:,
li  +, A v1 Wkh glhuhqfh zlwk wkh vwdwlf htxloleulxp lv wkdw wkh ydoxh ixqfwlrq ri wkh vhoohuv
qrz frqwdlqv wkh lqwhuwhpsrudo frqvlghudwlrqv uhsuhvhqwhg e| wkh vhfrqg ghulydwlyh ri wkh ydoxh
ixqfwlrq1
Ghqlwlrq 4 +Pdunry shuihfw htxloleulxp, D Pdunry shuihfw htxloleulxp lv jlyhq e|
it. +, > tU +,j vxfk wkdw wkh htxdwlrqv +7,0+:, duh vdwlvhg iru doo  5 ^3> 4`1
Wkh uvw rughu frqglwlrqv iru wkh upv glhu lq wkh lqwhuwhpsrudo sureohp rqo| wkurxjk wkh
dgghg yduldqfh whup1 Dv wkh vdohv txdqwlwlhv wrgd| dhfw wkh yduldqfh rqo| olqhduo| wkurxjk
wkh vdohv ri wkh qhz up/ wkh htxloleulxp txdqwlwlhv fdq eh jlyhq h{solflwo| dv d ixqfwlrq ri
v>  +, dqg 	2 +,Y . +,1 Exw diwhu lqvhuwlqj wkh htxloleulxp txdqwlwlhv dqg sulfhv lqwr wkh ydoxh
ixqfwlrqv ri ex|huv dqg vhoohuv/ wkh| ehfrph d vhw d qrqolqhdu glhuhqwldo htxdwlrqv/ zklfk fdq
rqo| eh dssur{lpdwhg yld qxphulfdo whfkqltxhv1 Iru wklv uhdvrq zh frqvlghu wkh olplwlqj fdvh dv
wkh glvfrxqw udwh ydqlvkhv ru u $ 3 dqg wkhq ghulyh wkh htxloleulxp srolflhv xqghu wkh vwurqj
orqj0uxq dyhudjh fulwhulrq1
715 Rswlpl}dwlrq zlwkrxw glvfrxqwlqj
Lq hvwdeolvklqj wkh htxloleulxp srolflhv xqghu qr glvfrxqwlqj/ wkh vwurqj orqj uxq dyhudjh fulwhulrq
kdv wkh lpsruwdqw surshuw| wkdw wkh rswlpdo srolflhv xqghu wklv fulwhulrq duh wkh xqltxh olplwv
wr wkh dvvrfldwhg srolflhv xqghu glvfrxqwlqj1 Wkh htxloleulxp srolflhv wr eh ghulyhg wkhuhiruh
pdlqwdlq doo wkh txdolwdwlyh surshuwlhv ri wkh htxloleulxp zlwk vpdoo/ exw srvlwlyh/ glvfrxqw udwhv
u A 31 Lq sduwlfxodu/ wkh| suhvhuyh wkh lqwhuwhpsrudo wudgh0r ri wkh h{shulphqwdwlrq srolflhv
xqghu glvfrxqwlqj19
Zh vwduw e| {lqj wkh srolflhv ri doo rwkhu sod|huv wr d vhw ri duelwudu| +Pdunryldq, srolflhv
dqg frqvlghu wkh ghflvlrq sureohp ri wkh hqwudqw1 Lq wkh qh{w vxevhfwlrq/ zh uhwxuq wr wkh ixoo
9Vhh Gxwwd +4<<4, iru d ghwdlohg dqdo|vlv ri wkh olqn ehwzhhq rswlpdolw| fulwhuld xqghu glvfrxqwlqj dqg qr
glvfrxqwlqj1
46
htxloleulxp sureohp1 Wkh uhirupxodwlrq iru wkh lqfxpehqw rqo| uhtxluhv wkh reylrxv vxevwlwxwlrqv1
Wkh orqj uxq dyhudjh sd|r iru wkh hqwudqw xqghu dq lqlwldo eholhi f lv jlyhq e|=









t. + +w,, s. + +w,,gw

=
Li  +w, frqyhujhv doprvw vxuho| wr }hur ru rqh/ wkhq wkh orqj uxq dyhudjh vwduwlqj dw dq| duelwudu|
eholhi f lv htxdo wr
y. +f, @ +4 f, y. +3, . fy. +4, 1
Dv y. +3, dqg y. +4, duh vlpso| wkh ixoo lqirupdwlrq sd|rv dvvrfldwhg zlwk wkh vwdwlf sd|rv dw
 @ 3 ru  @ 4/ wkh orqj0uxq dyhudjh fdq eh frpsxwhg h{foxvlyho| rq wkh edvlv ri wkh vwdwlf
sureohp1 Lq frqwudvw/ wkh vwurqj orqj0uxq dyhudjh lv ghqhg wkurxjk wkh iroorzlqj rswlpl}dwlrq
sureohp=







+t. + +w,, s. + +w,, y. + +w,,,gw

= +;,
Wkxv wkh vwurqj orqj uxq dyhudjh fulwhulrq pd{lpl}hv wkh h{shfwhg uhwxuq qhw ri wkh orqj0uxq
dyhudjh1 Wkh olplw dv W $ 4 lq +;, lv zhoo0ghqhg dqg qlwh1 Wkh vwurqj orqj0uxq dyhudjh khqfh
glvfulplqdwhv ehwzhhq srolflhv edvhg rq qlwh wlph lqwhuydov dv zhoo1 Wkh lqqlwh krul}rq sureohp
+;, fdq eh uhsuhvhqwhg e| d g|qdplf surjudpplqj htxdwlrq dv iroorzv=
y. +, @ pd{
^.Ek





2 +,Y . +,

= +<,
Wkh glhuhqfh ehwzhhq wkh g|qdplf surjudpplqj htxdwlrq xqghu glvfrxqwlqj +7, dqg qr glv0
frxqwlqj +<, lv vlpso| wkdw wkh  rz sd|r/ uY. +,/ lv uhsodfhg e| wkh orqj0uxq dyhudjh sd|r/
y. +,/ zkhuhdv wkh uljkw kdqg vlgh ri wkh htxdwlrq uhpdlqv lghqwlfdo1 Krzhyhu dv wkh orqj0uxq
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=
Diwhu glylglqj wkh hqwluh h{suhvvlrq wkurxjk t. +, +dvvxplqj wkdw t. +, A 3 fdq eh jxdudqwhhg,/










	2 +,Y . +, = +43,
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Khuh zh fdq qrz ghwhfw wkh dgydqwdjh ri wkh xqglvfrxqwhg surjudp uhodwlyh wr wkh glvfrxqwhg
rqh1 Wkh uvw0rughu frqglwlrqv iru hqwudqw/ dqg lq idfw iru doo djhqwv lq wkh jdph grq*w lqyroyh
wkh vhfrqg ghulydwlyh ri wkh ydoxh ixqfwlrq dq| pruh1 Wkh rqo| prglfdwlrq uhodwlyh wr wkh vwdwlf
surjudp lv wkh lqwurgxfwlrq ri wkh orqj0uxq dyhudjh exw dv zh vdz deryh/ lw fdq eh frpsxwhg
rq wkh edvlv ri wkh vwdwlf htxloleulxp dv zhoo1 Lw lv wklv uhsodfhphqw ri wkh ydoxh ixqfwlrq e| wkh
orqj0uxq dyhudjh lq wkh olplw dv glvfrxqwlqj jrhv wr }hur zklfk pdnhv wkh xqglvfrxqwhg sureohp
pxfk pruh dffhvvleoh1
716 Htxloleulxp Dqdo|vlv
Frqvlghu qrz wkh hqwluh vhw ri htxloleulxp frqglwlrqv xqghu qr glvfrxqwlqj1 Wkh g|qdplf sur0
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t. +,	
2 +,Y U +,

> +45,
zkhuh yU +, dqg y. +, duh wkh orqj0uxq dyhudjh sd|rv ri wkh vhoohuv1 Wkh ehkdylru ri wkh
ex|huv lv djdlq jlyhq e| wkh vwdwlf lqglhuhqfh frqglwlrqv ri wkh pdujlqdo ex|huv1 Wkh lqglhuhqfh
frqglwlrqv ri wkh ex|huv +vhh +9, dqg +:,, ghwhuplqh wkh htxloleulxp sulfhv dv d ixqfwlrq ri wkh
vxssolhg txdqwlwlhv1 D Pdunry shuihfw htxloleulxp lv wkhq d vroxwlrq wr wkh g|qdplf surjudpplqj
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p +, ] plq iv>  +,j =
Lw fdq eh yhulhg wkdw wkh txdqwlw| tU +, lv frqwlqxrxv dw  @ 6/ exw qrw glhuhqwldeoh1 Wkh
htxloleulxp sulfhv s. +, dqg sU +, iroorz iurp wkh lqglhuhqfh frqglwlrqv +9, dqg +:, ri wkh
pdujlqdo ex|huv1 Wkh prqrwrqlflw| surshuwlhv ri txdqwlwlhv dqg sulfhv/ zklfk zh revhuyhg lq wkh
vwdwlf htxloleulxp +dv d frpsdudwlyh vwdwlf uhvxow, duh suhvhuyhg lq wkh g|qdplf prgho lqglfdwlqj
krz wkh htxloleulxp yduldeohv hyroyh dv d ixqfwlrq ri wkh srvwhulru eholhi =
Sursrvlwlrq 6 +Sulfhv dqg Txdqwlwlhv,
41 s. +,/ t. +, dqg s. +, t. +, duh lqfuhdvlqj lq 1
51 sU +,/ tU +, dqg sU +, tU +, duh ghfuhdvlqj lq 1
Surri1 Vhh dsshqgl{1
Dv wkh h{shfwdwlrq derxw wkh txdolw| ri wkh qhz surgxfw lpsuryhv/ wkh hqwudqw fdq dfklhyh
kljkhu vdohv dw kljkhu sulfhv1 Frqyhuvho|/ wkh lqfxpehqw orzhuv lwv vdohv dqg |hw kdv wr vxhu d
ghfuhdvh lq wkh htxloleulxp sulfh1 Krzhyhu wkh fkdqjhv lq wkh uhvsrqvlyhqhvv ri wkh htxloleulxp
yduldeohv wr fkdqjhv lq wkh srvwhulru eholhi lv prglhg e| wkh lqwhuwhpsrudo frqvlghudwlrqv1 D
orfdo dujxphqw pd| vx!fh khuh wr jlyh wkh lqwxlwlrq1 Zh vdz hduolhu wkdw wkh vwdwlf uhyhqxh ri
wkh qhz up lv frqyh{ li  +, ? v1 Wklv phdqv wkdw wkh hqwudqw zrxog suhihu d orwwhu| zlwk
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h{shfwhg ydoxh ri  udwkhu wkdq wkh h{shfwhg ydoxh lwvhoi1 Wkh g|qdplf hhfw lv wkdw wkh hqwudqw
vhhnv wr lqfuhdvh wkh ohyho ri h{shulphqwdwlrq lq wkh pdunhw e| lqfuhdvlqj lw vdohv1 Dv  ehfrphv
vx!flhqwo| odujh vr wkdw  +, A v/ wkh orfdo dujxphqw srlqwv lq wkh rwkhu gluhfwlrq/ dv wkh hqwudqw
qrz ehfrphv dyhuvh wr pruh lqirupdwlrq dqg wklv whqgv wr orzhu wkh txdqwlw| lw lv vxsso|lqj wr
pdunhw uhodwlyh wr wkh p|rslf srolf|1 Dv d frqvhtxhqfh/ wkh hqwudqw dfwv wkh prvw djjuhvvlyho|
iru orz srvwhulru ydoxhv1 Wklv ohdgv wr wkh iroorzlqj uhvxowv=
Sursrvlwlrq 7 +Fxuydwxuhv,
41 t. +, lv frqfdyh lq /
51 s. +, lv frqyh{ li  +,  v/ dqg frqfdyh li  +, A v/
61 tU +, lv frqyh{ lq /
71 sU +, lv frqyh{ lq 1
Surri1 Vhh dsshqgl{1
Lq uhvsrqvh wr wkh djjuhvvlyh dwwlwxgh ri wkh qhz up iru orz srvwhulru eholhiv/ wkh lqfxpehqw
uhdfwv prvw vwurqjo| e| orzhulqj lwv vdohv iru orz srvwhulru eholhiv dv zhoo dqg khqfh wkh txdqwlw|
rhuhg e| wkh lqfxpehqw ehfrphv joredoo| frqyh{1 Zkloh d orzhu txdqwlw| fdq sduwldoo| khos wkh
lqfxpehqw wr suhyhqw d ghfolqh lq lwv sulfh/ wkh htxloleulxp sulfh ri wkh lqfxpehqw lv vxemhfw wr
wkh vdph idfwruv dv lwv vxsso|1 Lw vxhuv wkh eljjhvw ghfolqh iru orz srvwhulru ydoxhv dqg judgxdoo|
ehfrphv ohvv dhfwhg e| d fkdqjh lq wkh srvwhulru eholhi1 Wkh rqo| h{fhswlrq lv wkh htxloleulxp
sulfh ri wkh qhz up zklfk pdlqwdlqv wkh fxuydwxuh surshuwlhv iurp wkh vwdwlf htxloleulxp1 Dv wkh
qhz up ehfrphv ohvv djjuhvvlyh lq whupv ri lwv vxsso| uhvsrqvh zlwk dq lqfuhdvh lq wkh srvwhulru
eholhi/ wkh htxloleulxp sulfh devruev d odujhu vkduh ri frpshwlwlyh dgydqwdjh dv  lqfuhdvhv wrzdugv
6/ wkh srlqw ri v|pphwulf frpshwlwlrq1 Krzhyhu dv  lqfuhdvhv eh|rqg 6/ wkh qhz up ehkdyhv
judgxdoo| pruh olnh d prqrsrolvw dqg dq| sulfh lqfuhdvh lv wkhq gxh wr d gluhfw lqfuhdvh lq wkh
ydoxh ri wkh surgxfw udwkhu wkdq wkh lqgluhfw hhfw ri wkh lpsuryhg frpshwlwlyh srvlwlrq1
Wkh fxuydwxuh surshuwlhv ri txdqwlwlhv dqg sulfhv fdq eh gluhfwo| wudqvodwhg lqwr d wlph vhulhv
suroh e| h{sorlwlqj wkh pduwlqjdoh surshuwlhv1 Gxh wr wkh djjuhvvlyh lqlwldo vdohv wkh h{shfwhg
ixwxuh vdohv ri wkh hqwudqw duh idoolqj dqg h{shfwhg ixwxuh sulfhv duh ulvlqj ryhu wlph1 Frqyhuvho|/
4:
wkh txdqwlw| dqg wkh sulfh ri wkh lqfxpehqw duh h{shfwhg wr uhfryhu ryhu wlph iurp wkh hqwu| ri wkh
qhz up dqg khqfh lqfuhdvh ryhu wlph1 Wkhvh surshuwlhv duh gxh wr t. +, ehlqj d vxepduwlqjdoh/
zkhuhdv wkh odwwhu lv gxh tU +, dqg sU +, ehlqj vxshupduwlqjdohv1
Wkh fkdqjh lq wkh fxuydwxuh surshuwlhv kdv douhdg| lqglfdwhg krz wkh ehkdylru ri wkh upv
lq wkh g|qdplf htxloleulxp duh prglhg uhodwlyh wr wkhlu p|rslf ehvw uhvsrqvh ixqfwlrqv1 Qh{w
zh vkrz wkdw zh fdq vwuhqjwkhq wkh glvwlqfwlrq ehwzhhq djjuhvvlyh dqg ghihqvlyh ehkdylru ri
hqwudqw +dqg lqfxpehqw, e| sduwlwlrqlqj wkh vwdwh vsdfh lqwr wzr lqwhuydov/ lghqwlfdo iru hqwudqw
dqg lqfxpehqw/ zkhuh vwdwlf dqg lqwhuwhpsrudo srolflhv fdq eh udqnhg xqdpeljxrxvo|1
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Vxssrvh wkh ydoxh ri lqirupdwlrq wr wkh hqwudqw lv }hur dw vrph fulwlfdo srvwhulru eholhi S/ ru
Y . +S, @ 3/ wkhq lwv g|qdplf ehvw uhvsrqvh ixqfwlrq dw S lv lghqwlfdo wr wkh vwdwlf rqh1 Dv
lqwhuwhpsrudo frqvlghudwlrqv lq whupv ri Y . +, ru Y

U +, hqwhu wkh ehvw uhvsrqvh ixqfwlrq ri
wkh lqfxpehqw rqo| lqgluhfwo| wkurxjk wkh fkrlfhv ri wkh hqwudqw +vhh +53,,/ lw iroorzv wkdw li
Y . +S, @ 3/ wkhq qhfhvvdulo| t +S, @ T +S, dqg s +S, @ S +S, iru erwk upv l @ H> L1
Pruhryhu vlqfh wkh g|qdplf surjudpplqj htxdwlrq +4<, kdv wr krog lw iroorzv wkdw dw S/ wkh
 rz uhyhqxhv +vwdwlf ru lqwhuwhpsrudo, kdyh wr eh htxdo wr wkh orqj0uxq dyhudjh ydoxh y. +S,1
Zh uhfdoo wkdw wkh orqj0uxq dyhudjh y. +, dw S lv wkh h{shfwhg ydoxh ri wkh vwdwlf htxloleulxp
uhyhqxhv dw  @ 3 dqg  @ 4 zhljkwhg zlwk 4  S dqg S uhvshfwlyho|1 Wkxv hyhq li zh grq*w
nqrz Y. +, ru YU +,/ zh fdq qg wkh srlqwv zkhuh vwdwlf dqg lqwhuwhpsrudo ydoxhv frlqflgh
wkurxjk d frpsdulvrq ri vwdwlf ydoxhv zlwk wkh orqj0uxq dyhudjh1 Frqyhuvho|/ dw doo srlqwv zkhuh
vwdwlf uhyhqxhv dqg orqj0uxq dyhudjh glyhujh zh fdq h{shfw wr vhh glvfuhsdqflhv ehwzhhq vwdwlf
dqg lqwhuwhpsrudo srolflhv1
4;
Sursrvlwlrq 8 +Vlqjoh Furvvlqj,
41 Wkh glhuhqfh s. +, t. +, y. +, furvvhv }hur dw prvw rqfh dqg wkhq iurp ehorz1
51 Wkh fulwlfdo srlqw S vdwlvhv S A 61
61 D qhfhvvdu| frqglwlrq iru furvvlqj wr rffxu lv u ? v ? M 1
71 D qhfhvvdu| dqg vx!flhqw frqglwlrq iru furvvlqj wr rffxu lv=
^s. +3, t. +3,`
  y. +3, ? 3>
dqg
^s. +4, t. +4,`
  y. +4, ? 3=
Surri1 Vhh dsshqgl{1
Wkh surri surfhhgv e| hvwdeolvklqj wkh deryh surshuwlhv uvw iru vwdwlf uhyhqxhv S. +,T. +,
dqg wkhq h{whqglqj wkhp wr lqwhuwhpsrudo  rz uhyhqxhv s. +, t. +,1 Wkxv wkhuh lv dw prvw rqh
fulwlfdo srlqw zkhuh wkh ydoxh ri lqirupdwlrq iru wkh hqwudqw lv }hur1 Dv wkh htxloleulxp srolflhv
zh ghulyhg hduolhu dv zhoo dv wkh orqj0uxq dyhudjh duh frqwlqxrxv/ lw iroorzv wkdw wkh suhihuhqfh ri
wkh hqwudqw wrzdugv lqirupdwlrq uhsuhvhqwhg e| Y . +, fkdqjhv vljqv dw prvw rqfh1 Dv wkh vljq ri
wkh whup Y . +, suhglfdwhv wkh eldv lq wkh lqwhuwhpsrudo srolf|/ wkh sursrvlwlrq vkrzv wkdw wklv
eldv fkdqjhv dw prvw rqfh/ dqg lq idfw d qhfhvvdu| frqglwlrq lv wkdw wkhuh lv xqfhuwdlqw| derxw
wkh udqnlqj ri wkh dowhuqdwlyhv/ ru
u ? v ? M 1
Wkh hyroxwlrq ri htxloleulxp uhyhqxh dqg orqj0uxq dyhudjh iru wkh hqwudqw duh glvsod|hg ehorz iru
wkh fdvh wkdw wkh qhfhvvdu| dqg vx!flhqw frqglwlrq lv vdwlvhg1
Lqvhuw Iljxuh 4 khuh
E| wkh Ehoopdq htxdwlrq +4<,/ wkh vljq ri wkh vhfrqg ghulydwlyh/ Y . +,/ ri wkh ydoxh ixqfwlrq
lv wkh rssrvlwh ri wkh glhuhqfh s. +, t. +,y. +, dqg khqfh wkh glhuhqfh dovr uhsuhvhqwv wkh
hyroxwlrq ri wkh ydoxh ri lqirupdwlrq iru wkh qhz up1 Wkh uhodwlrqvkls ehwzhhq wkh  rz uhyhqxhv/
4<
orqj0uxq dyhudjh dqg ydoxh ri lqirupdwlrq lv ohvv fohduo| frqqhfwhg iru wkh lqfxpehqw1 Wklv lv gxh
wr wkh idfw wkdw wkh ydoxh ri lqirupdwlrq/ Y U +,/ grhvq*w hqwhu wkh uvw rughu frqglwlrqv ri wkh
lqfxpehqw/ dv wkh ydoxh ri lqirupdwlrq lv d ixqfwlrq ri wkh vdohv ri wkh qhz up/ exw qrw ri wkh
hvwdeolvkhg up1
Sursrvlwlrq 9 +Ydoxh ri Lqirupdwlrq,
41 Y. +, lv frqyh{ lq  iru doo   S dqg frqfdyh lq  iru doo  A S1
51 YU +, lv frqyh{ lq 1
Surri1 Vhh dsshqgl{1
Ilqdoo| zh fdq hvwdeolvk krz wkh suhvhqfh ri pdunhw ohduqlqj dhfwv wkh htxloleulxp srolflhv ri
wkh upv rq hlwkhu vlgh ri wkh fulwlfdo ydoxh S1 Iru doo srvwhulru eholhiv  ? S/ wkh ydoxh ri pruh
lqirupdwlrq lv srvlwlyh wr wkh hqwudqw1 Lq frqvhtxhqfh/ klv hqwu| vwudwhj| lv wr vxsso| wkh pdunhw
djjuhvvlyho|1 Dv zh irupdoo| vwdwh ehorz/ wklv ohdgv wr orzhu wkdq p|rslf sulfhv iru wkh lqfxpehqw
dv zhoo dv wkh hqwudqw1 Wkh lqfxpehqw lv wu|lqj sduwldoo| wr rvhw wkh lqfuhdvh lq vxsso| e| wkh
hqwudqw wkurxjk d ghfuhdvh lq klv rzq vxsso|1 Dv wkh ydoxh ri lqirupdwlrq ehfrphv qhjdwlyh iru
 A S/ wkh hqwudqw orzhuv lwv vxsso|/ dqg wklv vhwv r dq dgmxvwphqw ri sulfhv dqg txdqwlwlhv
lq wkh h{shfwhg gluhfwlrq1 Erwk htxloleulxp sulfhv lqfuhdvh dqg wkh lqfxpehqw jdlqv d uhodwlyho|
odujhu pdunhw vkduh1
Sursrvlwlrq : +Vwdwlf yv1 G|qdplf Vwudwhjlhv,
41 Iru  ? S=
+d, t. +, A T. +, dqg s. +, ? S. +,/
+e, tU +, ? TU +, dqg sU +, ? SU +,1
51 Iru  A S=
+d, t. +, ? T. +, dqg s. +, A S. +,/
+e, tU +, A TU +, dqg sU +, A SU +,1
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Surri1 Vhh dsshqgl{1
Wkh ehkdylru ri wkh htxloleulxp sulfhv dqg txdqwlwlhv duh glvsod|hg +lq wkhlu glhuhqfhv, ehorz
iru wkh vdph hqylurqphqw dv lq Iljxuh 41
Lqvhuw Iljxuh 5 khuh
Zkhq zh frpelqh wkh wlph vhulhv ehkdylru ri wkh htxloleulxp wrjhwkhu zlwk wkh surshuwlhv ri
wkh htxloleulxp srolflhv uhodwlyh wr wkhlu vwdwlf frxqwhusduwv/ d udwkhu frpsohwh slfwxuh uhjduglqj
wkh hqwudqfh dqg ghwhuuhqfh ehkdylru hphujhv1 Dv wkh srolflhv ghshqg hvvhqwldoo| rq wkh fxuuhqw
srvlwlrq ri wkh upv lq wkh txdolw| vshfwuxp/ lw pljkw eh khosixo iru wkh lqwhusuhwdwlrq wr frqvlghu
wkh wzr srodu fdvhv uhodwlyh wr wkh lqwhuphgldwh fdvh zkhuh u ? v ? M 1 Li u ? M  v/ zh uhihu
wr wkh qhz surgxfw dv d vxevwlwxwh dqg li v  u ? M / wkhq zh uhihu wr lw dv dq lpsuryhphqw1
D vxevwlwxwh lv dw ehvw htxdo wr wkh hvwdeolvkhg surgxfw/ zkhuhdv dq lpsuryhphqw lv dw ohdvw dv
jrrg dv wkh hvwdeolvkhg surgxfw1 Wkh uvw vfhqdulr pd| uhsuhvhqw wkh lqwurgxfwlrq ri d jhqhulf
skdupdfhxwlfdo ru d qr qdph surgxfw/ zkhuhdv wkh vhfrqg pd| uhsuhvhqw d qhz yhuvlrq ri d
fxuuhqw surgxfw zlwk dgglwlrqdo ihdwxuhv zkrvh +srvlwlyh, frqwulexwlrq lv |hw xqfhuwdlq1
Zlwk d vxevwlwxwh hqwu| lv djjuhvvlyh/ dqg wkh htxloleulxp sulfh ri wkh hqwudqw lv ehorz wkh
vwdwlf sulfh1 Ryhu wlph/ wkh h{shfwhg htxloleulxp sulfh ri wkh hqwudqw lv lqfuhdvlqj dqg wkh
h{shfwhg vxsso| lv ghfuhdvlqj dv wkh hqwudqw ehfrphv pruh hvwdeolvkhg dqg ohvv djjuhvvlyh1 Wkh
hhfw ri hqwu| zlwk xqfhuwdlq ydoxdwlrqv rq wkh lqfxpehqw lv wkdw erwk vdohv dv zhoo dv sulfhv duh
xqlirupo| orzhu iru wkh lqfxpehqw1 Exw wkh vxepduwlqjdoh surshuw| ri erwk htxloleulxp yduldeohv
wkhq vkrzv wkdw vdohv dqg sulfhv duh h{shfwhg wr lqfuhdvh ryhu wlph1 Wkh hqwu| vwudwhj| zlwk dq
lpsuryhg surgxfw lv vxevwdqwldoo| glhuhqw1 Wkh vxsso| lv dw doo wlphv orzhu wkdq zlwk d vwdwlf
htxloleulxp/ dv wkh qhz up zloo orvh pruh wkurxjk d +judgxdo, ghfuhdvh lq wkh srvwhulru wkdq d
+judgxdo, lqfuhdvh1 Lq frqvhtxhqfh/ wkh qhz up zloo vwduw zlwk orzhu wkdq p|rslf txdqwlwlhv dqg
lv hvvhqwldoo| fuhdp0vnlpplqj1 Ryhu wlph/ lwv h{shfwhg sulfh lv ghfuhdvlqj dqg wkh h{shfwhg vdohv
dqg uhyhqxhv ri wkh lqfxpehqw duh lqfuhdvlqj1 Wkxv wkh djjuhvvlyhqhvv ri wkh vwudwhj| lv doprvw
hqwluho| suhglfdwhg e| wkh uhodwlyh srvlwlrq ri wkh qhz up wr wkh hvwdeolvkhg up1
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8 Urexvwqhvv
Lq wklv vhfwlrq zh glvfxvv lq vrph ghwdlo krz urexvw rxu htxloleulxp uhvxowv duh wr glhuhqw
prghoolqj dvvxpswlrqv1 Lq Vxevhfwlrq 814 zh uhpryh wkh dvvxpswlrq ri d xqlirup glvwulexwlrq
rq  dqg h{whqg wkh dqdo|vlv wr pruh jhqhudo lqyhuvh ghpdqg ixqfwlrqv1 Lq Vxevhfwlrq 815 zh
glvfxvv krz rxu txdolwdwlyh uhvxowv zrxog eh fkdqjhg e| frqvlghulqj sulfh udwkhu wkdq txdqwlw|
frpshwlwlrq1
814 Txdqwlw| Frpshwlwlrq dqg Jhqhudo Glvwulexwlrqv
Zh ehjlq wkh dqdo|vlv e| frqvlghulqj d jhqhudo glvwulexwlrq I +, ryhu wkh xqlw lqwhuydo1 Dvvrfldwhg
zlwk dq| jlyhq glvwulexwlrq I +, dqg dq| jlyhq eholhi  lv d vwdwlf surw ixqfwlrq  +T. >TU m,
iru up l1 Lq dgglwlrq/ ghqrwh e| . +T. m, wkh surw ixqfwlrq ri wkh hqwudqw zkhq kh idfhv d
frpshwlwlyh iulqjh zlwk txdolw| v udwkhu wkdq d vlqjoh frpshwlwru1 Zh pdnh wkh iroorzlqj wkuhh
dvvxpswlrqv rq wkh ehkdylru ri wkh vwdwlf surw ixqfwlrqv iru wkh uhpdlqghu ri wklv vhfwlrq=
41  +T.> TU m, lv frqfdyh lq T iru doo l dqg doo 1
51 . +T. m, lv frqfdyh lq T. iru doo =
61 Wkh vwdwlf ehvw uhvsrqvh ixqfwlrqv vdwlvi| wkh vwdelolw| frqglwlrq= 4 ? T +T, ? 3/ ;l1
Dv rxu pdlq lqwhuhvw lv lq wkh g|qdplf dvshfwv ri wkh frpshwlwlrq prgho/ zh gr qrw dwwhpsw
wr suhvhqw wkh prvw jhqhudo frqglwlrqv rq I +, zklfk zrxog jxdudqwhh wkdw wkh idluo| vwdqgdug
dvvxpswlrqv deryh rq wkh vwdwlf surw ixqfwlrqv duh phw1 \hw lw fdq eh yhulhg wkdw d vx!flhqw
frqglwlrq iru doo wkuhh dvvxpswlrqv mrlqwo| lv wkdw wkh glvwulexwlrq ixqfwlrq I +, lv frqyh{/ zklfk
lqfoxghv wkh xqlirup ghqvlw| prgho dqdo|}hg vr idu1
Zh surfhhg wr vkrz wkdw wkh txdolwdwlyh surshuwlhv ri wkh hqwu| dqg ghwhuuhqfh ehkdylru fdq eh
ghulyhg lq wklv jhqhudo vhwwlqj edvhg h{foxvlyho| rq wkh lqwhudfwlrq ehwzhhq vwdwlf surw ixqfwlrqv
dqg orqj0uxq dyhudjh ydoxhv1
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Lq rughu wr idflolwdwh wkh frpsdulvrq zlwk wkh vwdwlf htxloleulxp zklfk lv d vroxwlrq wr
pd{
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U +t.> tU m, @ 3= +55,
Zh revhuyh wkdw wkh uvw rughu frqglwlrq ri wkh lqfxpehqw ohdgv wr wkh vdph ehvw uhvsrqvh
ixqfwlrq dv klv vwdwlf rqh1 Pruhryhu li wkh uljkw kdqg vlgh lq +54, ydqlvkhv/ wkhq wkh htxdwlrqv
+54, dqg +55, uhgxfh wr wkh vwdwlf htxloleulxp frqglwlrqv1 Khqfh zh nqrz wkdw wkh g|qdplf
htxloleulxp frqglwlrqv duh vdwlvhg dw wkh vwdwlf htxloleulxp ydoxhv ri iT. +, > TU +,j li dqg
rqo| li . +T. +, >TU +, m, @ y. +,1 Wkxv wkh frlqflghqfh ri vwdwlf dqg g|qdplf htxloleulxp
srolflhv lv lq jhqhudo olqnhg wr wkh htxdolw| ri vwdwlf htxloleulxp surw dqg orqj0uxq dyhudjh iru
wkh hqwudqw1
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Ghqrwh e| T +t, wkh p|rslf ehvw uhvsrqvh ri up l wr wkh up m*v txdqwlw|/ zkhuh zh rplw
wkh ghshqghqfh ri T rq  iru qrwdwlrqdo vlpsolflw|1 Dv lqglfdwhg e| htxdwlrq +55,/ wkh vwdwlf
dqg wkh g|qdplf ehvw uhvsrqvh duh lghqwlfdo iru wkh lqfxpehqw/ ru tU +t., @ TU +t.,1 Doo g|qdplf
htxloleuld pxvw wkhuhiruh olh rq wkh uhdfwlrq fxuyh ri wkh lqfxpehqw= it.> tU +t.,j = Dvvxpswlrqv
4 dqg 6 jxdudqwhh wkdw wkhuh lv d vlqjoh vwdeoh vwdwlf htxloleulxp/ dqg wkxv zh nqrz wkdw iru doo
t. A T. +, > t. A T. +TU +t.,, dqg khqfh e| wkh vwulfw frqfdylw| ri . +t. > tU, lq t.>
C. +t.> tU +t., m,
Ct.
? 3> +56,
iru doo t. A T. +, = D vlplodu dujxphqw fdq eh pdgh iru wkh fdvh zkhuh t. ? T. +, wr vkrz
wkdw
C. +t. > tU +t., m,
Ct.
A 31 +57,
Dv wkh uvw rughu frqglwlrq ri wkh hqwudqw lq wkh g|qdplf htxloleulxp uhtxluhv wkdw
vjq

C. +t.> tU +t., m,
Ct.

@ vjq +. +t.> tU +t., m, y. +,, > +58,
d orfdo dujxphqw durxqg wkh vwdwlf htxloleulxp txdqwlwlhv iT. +, > TU +,j edvhg rq +56, dqg
+57, vhhpv wr vxjjhvwv wkh gluhfwlrq lq zklfk g|qdplf txdqwlwlhv ghyldwh iurp vwdwlf rqhv1 Lq idfw/
wkh dujxphqw lv idfloh iru wkh fdvh wkdw
. +T. +, > TU +, m, ? y. +, >
dqg uhtxluhv pruh fduh iru wkh fdvh ri
. +T. +, > TU +, m, A y. +, >
rqo| wr wkh h{whqw wkdw zh zdqw wr jxdudqwhh wkdw doo htxloleuld kdyh wkh ghvluhg surshuw|1 Dvvxph
wkhuhiruh lqlwldoo| wkh iroorzlqj uhodwlrq ehwzhhq wkh vwdwlf htxloleulxp surwv dqg wkh orqj0uxq
dyhudjh=
. +T. +, >TU +, m, ? y. +, =
Doo zh kdyh wr gr wr ghwhuplqh wkh orfdwlrq ri wkh g|qdplf htxloleulxp lv wr qg rxw krz
vjq +. +t. > tU +t., m, y. +,, ehkdyhv rq wkh orfxv ghvljqdwhg e| it.> tU +t.,j1 Wkh fodlp
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lv wkdw hyhu| txdqwlw| t. zklfk vdwlvhv wkh g|qdplf htxloleulxp frqglwlrqv pxvw glvsod| t. A
T. +,1 Wr vhh wklv zh revhuyh wkdw hlwkhu zh kdyh
. +t.> tU +t., m, ? y. +, iru doo t. / +59,
ru
. +t. > tU +t., m,  y. +, , t. A T. +, 1 +5:,
Lq wkh uvw fdvh/ wkh vwdwlf surw ixqfwlrq uhpdlqv iru doo sdluv it.> tU +t.,j ehorz wkh orqj0uxq
dyhudjh/ dqg wkh htxloleulxp frqglwlrq +58, wrjhwkhu zlwk wkh vwdelolw| frqglwlrq +56, lpsolhv
wkdw t. +, A T. +,1 Frqvlghu qh{w wkh fdvh ri +5:,1 Li wkhuh h{lvw ydoxhv it. > tU +t.,j vxfk
wkdw wkh vwdwlf surw h{fhhgv wkh orqj0uxq dyhudjh/ wkhq wkh vwdelolw| frqglwlrq +56, lqirupv xv
wkdw wkh htxloleulxp frqglwlrq fdq qrw srvvleo| krog dw t. A T. +,1 Khqfh zh fdq frqfoxgh
wkdw zkhqhyhu . +T. >TU m, ? y. +, > wkh g|qdplf htxloleulxp txdqwlw| vrog e| wkh qhz up
h{fhhgv wkh vwdwlf htxloleulxp txdqwlw|/ ru t. +, A T. +,1 Wr hvwdeolvk wklv dujxphqw zh rqo|
xvhg wkh vwdelolw| frqglwlrq ri wkh vwdwlf ehvw uhvsrqvh ixqfwlrq1 Wkh frpsohphqwdu| uhvxowv iru
. +T. +, > TU +, m, A y. +, >
duh suryhq lq wkh dsshqgl{ xqghu wkh dgglwlrqdo frqfdylw| dvvxpswlrqv1
Sursrvlwlrq ;
Vxssrvh wkdw dvvxpswlrqv 406 krog1 Wkhq=
41 . +T. +, > TU +, m, ? y. +, , t. +, A T. +,/
51 . +T. +, > TU +, m, A y. +, , t. +, ? T. +,1
Surri1 Vhh dsshqgl{1
Xqghu dvvxpswlrqv 406/ wkh suhglfwlrqv iru wkh g|qdplf prgho duh wkhq vwudljkwiruzdug1 Wr
ghwhuplqh zkhwkhu wkh htxloleulxp txdqwlwlhv ri wkh qhz up h{fhhg ru idoo vkruw ri wkh p|rslf
txdqwlwlhv/ doo zh qhhg wr gr lv wr frpsduh wkh p|rslf htxloleulxp surwv wr wkh orqj0uxq dyhudjh
surwv1 Li wkh vwdwlf htxloleulxp surwv duh ehorz wkh orqj uxq dyhudjh surwv/ wkhq wkh qhz up
zloo dgrsw dq djjuhvvlyh vdohv srolf| dqg e| wkh surshuw| ri wkh ehvw uhvsrqvh ixqfwlrq/ wkh lqfxp0
ehqw zloo dgrsw d pruh ghihqvlyh vwdqfh1 Lq frqwudvw/ li wkh vwdwlf htxloleulxp surwv duh deryh wkh
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orqj0uxq dyhudjh uhyhqxhv/ wkh hqwudqw zloo surfhhg fdxwlrxvo| zlwk wkh lqwurgxfwlrq ri wkh qhz
surgxfw dqg wkh lqfxpehqw zloo lqfuhdvh klv vxsso| wr wkh pdunhw1 Wkh g|qdplf surjudpplqj
htxdwlrqv dovr lqirup xv wkdw wkh hqwu| vwudwhjlhv duh dozd|v dvvrfldwhg zlwk Y . +, A 3 dqg
Y . +, ? 3/ uhvshfwlyho|1 Wkh fkdqjh lq wkh hqwu| vwudwhj| fdq wkhuhiruh jhqhudoo| eh orfdwhg dv
lq wkh xqlirup prgho dqdo|}hg hduolhu dw wkh lqwhuvhfwlrq . +T. +, > TU +, m, @ y. +,/ zkhuh
doo wkh qhfhvvdu| gdwd fdq eh frpsxwhg rq wkh edvlv ri wkh vwdwlf surw ixqfwlrq dorqh1
815 Sulfh Frpshwlwlrq
Ilqdoo|/ zh vnhwfk krz wkh txdolwdwlyh uhvxowv zrxog eh dhfwhg e| d prgho ri sulfh frpshwlwlrq1
Zh vkrz wkdw ghvslwh vrph ixqgdphqwdo glhuhqfhv lq wkh vwdwlf htxloleulxp surw ixqfwlrqv/ wkh
g|qdplf htxloleuld ri wkh wzr prghov vkduh yhu| vlplodu surshuwlhv1
Wkh prvw lpsruwdqw fkdqjh lq whupv ri wkh vwdwlf htxloleuld ri wkh wzr prghov lv wkdw wkh
htxloleulxp surwv duh qr orqjhu prqrwrqh lq wkh txdolw| ri wkh qhz surgxfw1 Dv hpskdvl}hg lq
wkh olwhudwxuh rq yhuwlfdo glhuhqwldwlrq/ wkh frpshwlwru zlwk orzhu txdolw| surgxfw grhvq*w zdqw
wr lqfuhdvh wkh txdolw| ri klv surgxfw li wklv eulqjv wkh lqihulru surgxfw wrr forvh wr wkh vxshulru
surgxfw1 Lq frqvhtxhqfh/ wkh htxloleulxp sulfhv dqg uhyhqxhv duh qrw prqrwrqh lq  hlwkhu/ udwkhu
wkh| glvsod| d joredo plqlpxp dw  @ 61 Dw wkh srlqw 6/ sulfh frpshwlwlrq zlwk lghqwlfdo
surgxfwv ohdgv wr wkh Ehuwudqg rxwfrph zlwk pdujlqdo frvw sulflqj1 Wkh vwdwlf htxloleulxp surw
ixqfwlrqv glvsod| d nlqn dw 6/ exw rq wkh lqwhuydov ^3> 6, dqg +6>4, wkh| duh frqfdyh iru wkh
hqwudqw dv zhoo dv wkh lqfxpehqw1
Lq wkh g|qdplf prgho/ wkh vwudwhjlf lqwhudfwlrq lv pruh frpsoh{ zlwk sulfh frpshwlwlrq1 Zlwk
txdqwlw| frpshwlwlrq/ wkh rqo| yduldeoh zklfk dhfwv wkh hyroxwlrq ri ixwxuh vwdwhv/ l1h1 wkh ohyho
ri vdohv e| wkh hqwudqw/ lv gluhfwo| d ghflvlrq yduldeoh ri wkh hqwudqw1 Lq rewdlqlqj wkh g|qdplf
ehvw uhvsrqvh ri wkh lqfxpehqw/ zh fdq wkhuhiruh ljqruh wkh lpsdfw ri klv fxuuhqw ghflvlrq rq
ixwxuh vwdwhv1 Exw wklv lpsolhv wkdw wkh ehvw uhvsrqvh ri wkh lqfxpehqw wr dq| rxwsxw ghflvlrq e|
wkh hqwudqw lv wkh vdph lq wkh vwdwlf dqg wkh g|qdplf prgho1 Dv d uhvxow/ doo frpsdulvrqv fdq eh
fduulhg rxw e| dqdo|}lqj wkh vkliwv lq wkh ehvw uhvsrqvh ixqfwlrq ri wkh hqwudqw1 Lq d prgho zlwk
sulfh frpshwlwlrq/ wkh sulfh ghflvlrqv e| wkh upv mrlqwo| ghwhuplqh wkh vdohv ohyho ri wkh hqwudqw1
Lq frqvhtxhqfh/ zh kdyh wr dqdo|}h wkh mrlqw hhfwv ri fkdqjhv lq wkh wzr ehvw uhvsrqvh ixqfwlrqv
rq wkh g|qdplf htxloleulxp1 Wr vhh krz wklv lqwhudfwlrq lv uhvroyhg lq htxloleulxp/ zh fkhfn krz
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wkh vwdwlf srolflhv duh prglhg e| lqwhuwhpsrudo frqvlghudwlrqv1 Wkh judsklf ehorz looxvwudwhv wkh
vwdwlf htxloleulxp uhyhqxhv dv zhoo dv wkh orqj uxq dyhudjh uhyhqxhv iru wkh fdvh wkdw wkh ydoxh ri
wkh qhz surgxfw fdq hlwkhu eh orzhu ru kljkhu wkdq wkh hvwdeolvkhg surgxfw1
Lqvhuw Iljxuh 6 Khuh
Gxh wr wkh orfdo plqlpxp dw  @ 6/ wkh orqj0uxq dyhudjh lv dozd|v deryh wkh vwdwlf uhyhqxhv1
Wkxv li wkh vwdwlf srolflhv zhuh lq idfw wkh g|qdplf htxloleulxp srolflhv/ wkhq wkh uhvshfwlyh
Ehoopdq*v htxdwlrqv zrxog lqglfdwh wkdw Y . +, A 3 dv zhoo dv Y

U +, A 31 Exw wklv zrxog lpso|
wkdw erwk upv zrxog olnh wr vhh pruh vdohv e| wkh hqwudqw uhodwlyh wr wkh vwdwlf htxloleulxp1 Zh
fdq wkhuhiruh frqmhfwxuh wkdw wkh hqwudqw zloo orzhu dqg wkh lqfxpehqw zloo udlvh lwv sulfh uhodwlyh
wr wkh vwdwlf htxloleulxp sulfh1 Lq frqvhtxhqfh/ vdohv e| wkh hqwudqw pxvw eh odujhu +dqg wkh
lqfxpehqw*v vdohv pxvw eh orzhu, wkdq lq wkh vwdwlf htxloleulxp1 Li rq wkh rwkhu kdqg/ wkh surgxfw
lv dq lpsuryhphqw/ dqg v ? u ? M / wkhq wkh orqj0uxq dyhudjh uhyhqxh lv orzhu wkdq wkh vwdwlf
htxloleulxp uhyhqxh dv wkh iroorzlqj judsklf looxvwudwhv1
Lqvhuw Iljxuh 7 Khuh
E| wkh vdph lqwxlwlrq dv deryh zh fdq wkhq lqihu iurp wkh ydoxh ixqfwlrqv wkdw li wkh vwdwlf
srolflhv zhuh lqghhg htxloleulxp srolflhv lq wkh g|qdplf prgho/ wkhq lw zrxog kdyh wr eh wkdw
Y . +, ? 3 dv zhoo dv Y

U +, ? 31 Exw wklv lpsolhv wkdw erwk upv shufhlyh vdohv e| wkh hqwudqw dv
fduu|lqj d qhjdwlyh ydoxh ri lqirupdwlrq1 Wkh vwudwhjlf uhvsrqvh uhodwlyh wr wkh vwdwlf vroxwlrq iru
wkh qhz up lv wr udlvh lwv sulfh/ dqg iru wkh lqfxpehqw wr ghfuhdvh lwv sulfh1 Wklv ohdgv wr orzhu
txdqwlwlhv iru wkh hqwudqw dqg kljkhu txdqwlwlhv iru wkh lqfxpehqw1 Wkxv wkh txdolwdwlyh ehkdylru
ri hqwudqw dqg lqfxpehqw duh vlplodu lq d prgho iru txdqwlw| frpshwlwlrq1
Wkh rqo| glhuhqfh ehwzhhq wkh wzr prghov dulvhv zkhq u ? M ? v1 E| wkh frqfdylw|
ri wkh vwdwlf surw ixqfwlrq/ wkh vwdwlf uhyhqxhv ri wkh qhz up duh dozd|v ehorz wkh orqj0uxq
dyhudjh1 Revhuyh/ krzhyhu/ wkdw d pdujlqdo lpsuryhphqw dfwxdoo| eulqjv wkh qhz up forvhu wr
lwv frpshwlwru lq wkh txdolw| vshfwuxp dqg wklv ohdgv wr orzhu surwv1 Li zh lqwhusuhw wkh udqgrp
surgxfw txdolw| dv uh hfwlqj wkh xqfhuwdlq ydoxh ri vrph qhz ihdwxuhv lq wkh surgxfw/ lw zrxog eh
xqolnho| wkdw wkhvh ihdwxuhv zrxog eh lqfoxghg lq wkh surgxfw li u ? M ? v=
5:
9 Frqfoxvlrq
Wklv sdshu dqdo|}hg wkh hqwu| jdph lq d prgho zlwk yhuwlfdo glhuhqwldwlrq1 Wkh suhflvh orfdwlrq ri
wkh qhz surgxfw uhodwlyh wr wkh h{lvwlqj surgxfw zdv lqlwldoo| xqfhuwdlq dqg zdv ohduqhg ryhu wlph
wkurxjk h{shulhqfh1 Zh ghulyhg wkh rswlpdo hqwu| dqg ghwhuuhqfh vwudwhjlhv iru wkh frpshwlwruv1
Lw zdv vkrzq wkdw wkhlu txdolwdwlyh surshuwlhv ghshqg rq wkh fxuuhqw srvlwlrq ri wkh qhz surgxfw lq
wkh txdolw| vshfwuxp1 Wklv doorzhg sduwlfxoduo| vkdus fkdudfwhul}dwlrq uhvxowv iru wkh srodu fdvhv
ri d vxevwlwxwh ru dq lpsuryhphqw uhvshfwlyho|1 E| irfxvlqj rq wkh Pdunry shuihfw htxloleulxp ri
wkh jdph/ zh ghulyhg d vhw ri wlph vhulhv lpsolfdwlrqv zklfk pd| eh dphqdeoh wr hpslulfdo whvwv1
Wkh fxuuhqw dqdo|vlv idfhg vrph uhvwulfwlrqv e| wkh yhu| qdwxuh ri wkh prgho1 Iluvw/ zh
dvvxphg wkdw wkh ydoxh dqg wkh xqfhuwdlqw| derxw wkh qhz surgxfw zdv frpprq wr doo ex|huv/
diwhu frqwuroolqj iru wkh hohphqw ri yhuwlfdo glhuhqwldwlrq1 Lw pd| eh lqwhuhvwlqj wr sxuvxh krz
wkh htxloleulxp vwudwhjlhv zrxog eh dhfwhg li wkh h{shulhqfh e| wkh ex|huv zrxog frqwdlq dq
lglrv|qfudwlf hohphqw +vhh Plojurp ) Urehuwv +4<;9, iru d vlpsoh prqrsro| prgho,1 Wkh vhfrqg
olplwdwlrq lv wkh rqfh dqg iru doo qdwxuh ri wkh lqqrydwlrq suhvhqwhg e| wkh qhz surgxfw1 Wklv
zdv uh hfwhg lq wkh prgho e| wkh idfw wkh srvwhulru eholhiv frqyhujhg wr hlwkhu ri wkh devruelqj
vwdwhv  5 i3> 4j doprvw vxuho|1
Wkh whfkqltxhv hpsor|hg lq wklv sdshu/ krzhyhu/ jhqhudol}h eh|rqg wkh suhvhqw prgho1 Wkh xvh
ri wkh xqglvfrxqwhg rswlpl}dwlrq fulwhulrq/ dqg lq sduwlfxodu wkh qrwlrq ri wkh orqj0uxq dyhudjh/
doorzhg xv wr pdnh d vhulhv ri suhglfwlrqv edvhg doprvw h{foxvlyho| rq wkh vwdwlf htxloleulxp
ehkdylru1 Zkloh wkh orqj0uxq dyhudjh khuh zdv frpsxwhg rq wkh edvlv ri wkh devruelqj dqg
pxwxdoo| h{foxvlyh srvwhulru eholhiv/ wkh whfkqltxh h{whqgv qdwxudoo| wr hujrglf glvwulexwlrqv ri
wkh vwdwh yduldeohv1 Wklv vkrxog pdnh wkh phwkrgrorj| xvhg lq wklv sdshu dq dwwudfwlyh fdqglgdwh
iru d pxfk ulfkhu fodvv ri vwudwhjlf prghov vxfk dv lqyhvwphqw jdphv dqg prghov ri lqgxvwu|
hyroxwlrq/ iru zklfk wkhuh duh yhu| ihz h{solflw vroxwlrqv fxuuhqwo| nqrzq +h1j1 Hulfvrq ) Sdnhv
+4<<8,,1 Lq sduwlfxodu/ lw zrxog vhhp ihdvleoh wr frpelqh g|qdplf frpshwlwlrq prghov vxfk dv wkh
rqh dqdo|}hg khuh zlwk dq rqjrlqj surfhvv ri lqqrydwlrq1
5;
: Dsshqgl{
Zh uvw suhvhqw d ghulydwlrq ri wkh Ed|hvldq owhulqj htxdwlrq +4, edvhg rq d glvfuhwh wlph prgho
zlwk d qlwh qxpehu ri ex|huv1 Wkh olplwlqj ehkdylru ri wkh glvfuhwh ohduqlqj prgho zloo ohdg wr
wkh Eurzqldq prwlrq ghslfwhg lq +4, dv wkh qxpehu ri ex|huv ehfrphv odujh dqg wkh wlph hodsvhg
ehwzhhq dq| wzr shulrgv frqyhujhv wr }hur1 Vxssrvh wkhuhiruh lq dq hfrqrp| zlwk Q ex|huv/
hdfk lqglylgxdo h{shulphqw zlwk wkh qhz surgxfw e| ex|hu l lv dq lqghshqghqw dqg lghqwlfdoo|
glvwulexwhg udqgrp yduldeoh h{ zlwk d qrupdo glvwulexwlrq ri xqnqrzq phdq  @ @Q dqg
nqrzq yduldqfh 2 @ 
2@Q 1 Wkh sdudphwhu  fdq wdnh rq wkh ydoxhv u ru M 1 Qrwlfh wkdw
phdq dv zhoo dv yduldqfh ri wkh lqglylgxdo h{shulphqw duh vfdohg zlwk uhvhfw wr wkh wrwdo qxpehu
ri ex|huv Q 1 Wkh xwlolw| iru ex|hu l lv wkhq jlyhq e| {/ zkhuh { lv d vdpsoh uhdol}dwlrq rih{1 Edvhg rq wkh lqglylgxdo h{shulhqfhv ri doo ex|huv/ zh fdq ghvfuleh wkh djjuhjdwh ru pdunhw
h{shulhqfh lq hyhu| shulrg1 Dv wkh lqirupdwlrqdo frqwhqw lq hyhu| uhdol}dwlrq { lv lqghshqghqw
ri wkh zloolqjqhvv wr sd|  ri lqglylgxdo l/ zh wdnh wkh pdunhw h{shulhqfh wr eh wkh vxp ri wkh
lqglylgxdo udqgrp yduldeohv zkloh rplwwlqj wkh zhljkwv =
h{ +Q, @ [
'
h{
Dv phdq dqg yduldqfh ri wkh udqgrp yduldeoh h{ duh qrupdol}hg e| wkh qxpehu ri ex|huv lq wkh
pdunhw/ djjuhjdwh phdq dqg djjuhjdwh yduldqfh ri wkh pdunhw h{shulphqw h{ +Q, lv lqghshqghqw




1 Li rqo| d qxpehu n ri ex|huv h{shulphqw zlwk
wkh qhz surgxfw/ zkhuh n  Q / wkhq wkh djjuhjdwh h{shulphqw lv jlyhq e| wkh udqgrp yduldeoh=
h{ +n, @ &[
'
h{>
zklfk lv djdlq qrupdoo| glvwulexwhg zlwk phdq &

 dqg yduldqfh &

21 Li zh wdnh wkh olplw dv Q





h{ +q,  Q q>q2 1
5<
Qh{w zh wdnh wkh olplw dv wkh wlph ehwzhhq dq| wzr shulrgv frqyhujhv wr }hur1 Lq wkh frqwlqxrxv
wlph olplw wkh pdunhw h{shulphqw wkhq ehfrphv d Eurzqldq prwlrq zklfk fdq eh ghvfulehg e|
wkh vwrfkdvwlf glhuhqwldo htxdwlrq
g{ +q +w,, @ q +w,gw. 
s
q +w,gE +w, > w 5 ^3>4,=
Wkh  rz uhdol}dwlrq lq shulrg w lv jlyhq e| wkh wuxh phdq  zhljkwhg e| wkh iudfwlrq ri ex|huv
sduwlflsdwlqj lq wkh h{shulphqw dqg wkh udqgrp whup ri wkh vwdqgdug Eurzqldq prwlrq gE +w,
zhljkwhg e| wkh vwdqgdug ghyldwlrq 
s
q +w,1
Edvhg rq wkh hyroxwlrq ri wkh pdunhw h{shulphqw wkh pdunhw fdq xsgdwh wkh sulru eholhi f
wr wkh srvwhulru eholhi  +w,1 Edvhg rq vwdqgdug uhvxow iru Ed|hvldq xsgdwlqj lq frqwlqxrxv wlph/




q +w, +w, +4  +w,, +M  u,
2
gE +w, =
dqg dv lq htxloleulxp q +w, @ t. +w,/ htxdwlrq +4, iroorzv1
Doo surriv wr wkh sursrvlwlrqv lq wkh wh{w duh froohfwhg ehorz1
Surri ri Sursrvlwlrq 41 Wkh xqltxh vroxwlrq wr wkh ehvw uhvsrqvh ixqfwlrqv +5, dqg +6, |lhog
wkh iroorzlqj htxloleulxp txdqwlwlhv=
T. +, @
 +, .P +,p +,
7P +,p +, dqg TU +, @
v.P +,p +,
7P +,p +, > +5;,
zkhuh p +, dqg P +, duh ghqhg dv iroorzv=
p +, ] plq iv>  +,j > P +, ] pd{ iv>  +,j =
Wkh htxloleulxp sulfhv duh jlyhq e|=
S. +, @  +,T. +, dqg SU +, @ vTU +, 1 +5<,
Wkh prqrwrqlflw| surshuwlhv iroorz gluhfwo| iurp wkh uhohydqw ghulydwlyhv1
:Vhh Olswvhu ) Vklu|d|hy +4<::,/ Fkdswhu </ iru wkh ghulydwlrq ri wkh owhulqj htxdwlrq iru wkh frqwlqxrxv wlph/
Eurzqldq prwlrq prgho1
63
Surri ri Sursrvlwlrq 51 Wkh fxuydwxuh surshuwlhv iroorz gluhfwo| iurp wkh vhfrqg ghulydwlyhv
ri +5;, dqg +5<,/ uhvshfwlyho|1
Wkh qh{w ohppd uhfrugv wkh frqvwuxfwlrq ri wkh orqj0uxq dyhudjhv iru wkh upv1
Ohppd 4 +Orqj0uxq dyhudjhv,
Wkh orqj0uxq dyhudjhv duh jlyhq e|=
y. +, @ +4 , u +u .P +3,p +3,,
2
+7P +3,p +3,,2 . 
M +M .P +4,p +4,,2
+7P +4,p +4,,2 > +63,
dqg
yU +, @ +4 , v +v.P +3,p +3,,
2
+7P +3,p +3,,2 . 
v +v.P +4,p +4,,2
+7P +4,p +4,,2 =
Surri1 Wkh orqj0uxq dyhudjh ydoxhv y +, duh htxdo wr wkh h{shfwhg ixoo0lqirupdwlrq sd|rv=
y +, @ +4 , y +3, . y +4, >
li t. +, lv erxqghg dzd| iurp }hur iru doo 1 Lw fdq eh yhulhg iurp +4:, wkdw wklv lqghhg
jxdudqwhhg lq htxloleulxp1 Exw y +3, dqg y +4, duh vlpso| wkh ydoxhv wr wkh ixoo lqirupdwlrq
vwdwlf htxloleulxp sureohpv zkhq wkh ydoxh ri wkh qhz surgxfw lv nqrzq wr eh hlwkhu u ru M 1
Wkh frpsrvlwh ydoxhv duh wkhq frpsxwhg lpphgldwho|1
Qh{w zh uhfrug zlwkrxw surri vrph surshuwlhv ri udwlrv dqg surgxfwv ri  +, dqg y. +,1
Ohppd 5




>Ek duh lqfuhdvlqj dqg frqfdyh lq 1
51 Wkh surgxfw y. +, +, lv lqfuhdvlqj dqg frqyh{ lq 1
61 Wkh surgxfw
s
y. +, +, lv lqfuhdvlqj dqg frqfdyh lq 1
Surri ri Sursrvlwlrq 61 Wkh uvw rughu frqglwlrqv dvvrfldwhg zlwk +49, dqg +48, gholyhu wkh
vroxwlrqv iru t. +, dqg tU +, jlyhq lq +4:, dqg +4;,1 Wkh pdunhw fohdulqj frqglwlrqv +9, dqg +:,
ohdg wr wkh htxloleulxp sulfhv=































Qh{w zh suryh wkh prqrwrqlflw| surshuwlhv1 Frqvlghu uvw  +,  v/ ru p +, @ v1 D qhfhvvdu|
dqg vx!flhqw frqglwlrq iru t. +, wr eh lqfuhdvlqj lv wkdw=
y. +4, +3,  y. +3, +4, >
zklfk lv htxlydohqw wr
u .P +3,p +3,
7P +3,p +3, 
M .P +4,p +4,
7P +4,p +4, >
zklfk fdq eh vkrzq wr krog iru doo ydoxhv ri u> M dqg v1 Lw wkhq iroorzv gluhfwo| wkdw tU +, dqg
sU +, duh ghfuhdvlqj lq 1 Lw uhpdlqv wr vkrz wkdw s. +, lv lqfuhdvlqj1 Vxssrvh lqlwldoo| wkdw
u> M  v1 Lw lv vx!flhqw wr vkrz wkdw=
 +,
s
 +, y. +,








E| Ohppd 5/ wkh ukv lv frqyh{ dqg ghfuhdvlqj/ dqg hydoxdwlqj wkh lqhtxdolw| dw  @ 3 lv vx!flhqw









 7u  v
5u  v
= +64,
Dv wkh okv lv lqfuhdvlqj lq M / lw lv vx!flhqw wr hydoxdwh lw dv M & u/ lq zklfk fdvh wkh lqhtxdolw|
uhdgv dv
+7u  v,2  ;2u  5uv. v2>
zklfk lv vdwlvhg e| k|srwkhvlv ri u  v1 Vxssrvh qh{w wkdw u ? v ? M 1 Wkhq dw +64,/ wkh


















Dv wkh okv lv qrz ghfuhdvlqj lq M / lw lv vx!flhqw wr hydoxdwh lw lq wkh olplw dv M $ 4/ zkhuh
wkh lqhtxdolw| uhdgv
7  7v u
v
>
zklfk frpsohwhv wkh dujxphqw1










 +, y. +,=





 +, y. +, +65,
lv lqfuhdvlqj lq 1 E| wkh pxowlsolfdwlrq uxoh wklv lv htxlydohqw wr vkrzlqj wkdw
 +,
s
 +, y. +,   +, y. +, .  +, y. +, =












Dv wkh ukv whup lv lqfuhdvlqj idvwhu lq M wkdq wkh okv/ lw lv vx!flhqw wr hydoxdwh lw dw M @ v/ ru
v u
7v u








zklfk lv vdwlvhg iru doo u  v1 Vxssrvh qrz wkdw u ? v ? M / lw lv wkhq vx!flhqw wr vkrz wkdw
s. +, A 3 dw  @ 3 e| Ohppd 5/ zklfk lv htxlydohqw wr vkrzlqj wkdw dw  @ 3=
 +,
s




6 +, +, y. +, . + +,,
2 y. +,

  +, y. +, .  +, y. +, =
Vlqfh wkh okv lv lqfuhdvlqj idvwhu lq M wkdq wkh ukv lw lv vx!flhqw wr hydoxdwh wkh lqhtxdolw| dw
M @ v/ dqg djdlq lw fdq eh yhulhg wkdw wkh lqhtxdolw| krogv iru doo u  v1
Surri ri Sursrvlwlrq 71+41, E| Ohppd 51
+51, Lw iroorzv gluhfwo| iurp Ohppd 5 wkdw s. +, lv frqyh{ iru  +, ? v dqg frqfdyh iru  +, A v1
66
+61, E| Ohppd 51
+71, E| Ohppd 51
Wkh surri ri Sursrvlwlrq 8 uholhv rq wkh iroorzlqj wzr ohppdwd1 Wkh uvw vwdwhv wkdw wkh
glhuhqfh S. +,T. +,  y. +, vdwlvhv lghqwlfdo vlqjoh furvvlqj surshuwlhv dv s. +, t. +, 
y. +,1 Wkh vhfrqg vkrzv wkdw wkh furvvlqj srlqw lv qhfhvvdulo| lghqwlfdo iru wkh wzr glhuhqfhv1
Ghqrwh e| DS wkh furvvlqj srlqw iru wkh vwdwlf uhyhqxh ixqfwlrq1
Ohppd 6
41 Wkh glhuhqfh S. +,T. +, y. +, furvvhv }hur dw prvw rqfh dqg wkhq iurp ehorz1
51 Wkh fulwlfdo srlqw DS vdwlvhv DS A 61
61 D qhfhvvdu| frqglwlrq iru furvvlqj lv u ? v ? M 1
71 D qhfhvvdu| dqg vx!flhqw frqglwlrq iru furvvlqj wr rffxu lv=
^S. +3,T. +3,`
  y. +3, ? 3 dqg ^S. +4,T. +4,`  y. +4, ? 3=
Surri1 +41, Revhuyh lqlwldoo| wkdw S. +3,T. +3,  y. +3, @ 3 dqg S. +4,T. +4,  y. +4, @ 31
Zh uvw vkrz wkdw li u ? M  v/ ru v  u ? M / wkhq S. +,T. +, y. +, qhyhu furvvhv dw
dq|  5 +3> 4,1 E| Ohppd 4/ y. +, lv olqhdu lq / dqg e| Sursrvlwlrq 5 S. +,T. +, lv hlwkhu
frqyh{ ru frqfdyh uhvshfwlyho|1 Wklv wrjhwkhu zlwk wkh ehkdylru dw wkh hqg srlqwv h{foxghv dq
lqwhulru furvvlqj srlqw1 Frqvlghu qh{w u ? v ? M / wkhq wkh uhyhqxh ixqfwlrq S. +,T. +,
fkdqjhv fxuydwxuh ehkdylru h{dfwo| rqfh dw  @ 61 Dv wkh fxuydwxuh fkdqjhv iurp frqyh{ wr
frqfdyh/ wkh erxqgdu| ehkdylru wkhq lpsolhv wkdw S. +,T. +,y. +, kdv wr furvv iurp ehorz
dqg fdq furvv }hur dw prvw rqfh1
+51, Lw lv hdvlo| yhulhg wkdw dw  @ 6/ S. +6,T. +6, y. +6, ? 31
+61, Wkh qhfhvvdu| frqglwlrq iroorzv iurp wkh dujxphqwv jlyhq iru +4,1
+71, Wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv iroorz iurp wkh fxuydwxuh dqg erxqgdu| ehkdylru
ri wkh vwdwlf dqg orqj0uxq uhyhqxh ixqfwlrqv1
67
Ohppd 7 S @ DS1
Surri1 Dv s. +, t. +, dqg y. +, duh frqwlqxrxv d fkdqjh lq vljq iru s. +, t. +,  y. +,
uhtxluhv d srlqw  @ S dw zklfk
s. +S, t. +S, y. +S, @ 3= +66,
Dw vxfk d srlqw S/ hlwkhu
t. +S, @ T. +S, +67,
ru
t. +S, 9@ T. +S, = +68,
Vxssrvh uvw +67, zhuh wr krog/ wkhq lw iroorzv e| wkh htxloleulxp frqglwlrqv +49, dqg +9,0+:,
wkdw s. +S, @ S. +S, dv zhoo1 Exw wkhq lw lv kdv wr eh wkh fdvh wkdw S @ DS1 Vxssrvh wr wkh
frqwudu| wkdw +68, zrxog krog/ wkhq zh vkrz wkdw +66, fdq*w krog1 Vlqfh t. +S, 9@ T. +S,/ lw
kdv wr eh wkh fdvh wkdw Y . +S, 9@ 3/ e| wkh uvw0rughu frqglwlrqv iurp wkh Ehoopdq htxdwlrq +46,1
Exw wkhq wkh k|srwkhwlfdo srolflhv dw S grq*w vdwlvi| wkh Ehoopdq htxdwlrq dqg khqfh fdqqrw eh
htxloleulxp frqglwlrqv1 Wkxv li S 5 +3> 4, lw kdv wr eh wkdw S @ DS1 Lw uhpdlqv wr vkrz wkdw li
S. +,T. +,y. +, fkdqjhv vljq/ wkhq s. +, t. +,y. +, qhfhvvdulo| fkdqjhv vljqv dv zhoo1
Wklv lv hvwdeolvkhg hdvlo| dv dw S/ t. +S, @ T. +S, lv d vroxwlrq wr wkh uvw rughu frqglwlrq +48,
dqg dv wkh vroxwlrq lv xqltxh/ wkh fodlp iroorzv1
Surri ri Sursrvlwlrq 81 +41,0+61, E| Ohppd 6/ wkh glhuhqfh s. +, t. +,y. +, vkduhv wkh
vlqjoh0furvvlqj ehkdylru zlwk wkh glhuhqfh S. +,T. +,y. +,1 E| Ohppd 7/ wkh| dovr vkduh
wkh furvvlqj srlqw1
+71, Dv wkh p|rslf dqg lqwhuwhpsrudo srolflhv duh lghqwlfdo dw wkh hqgsrlqwv/ ru t. +, @ T. +,
dqg s. +, @ S. +, iru  5 i3> 4j/ lw iroorzv wkdw wkh judglhqw ri wkh  rz uhyhqxhv dw wkh
hqgsrlqwv duh qhfhvvdu| dqg vx!flhqw frqglwlrqv dv zhoo1
Surri ri Sursrvlwlrq 91 +4, E| wkh Ehoopdq htxdwlrq +44, wkh vljq ri wkh vhfrqg ghulydwlyh lv
wkh rssrvlwh ri wkh vljq ri s. +, t. +, y. +,1 Wkh uhvxow wkhq iroorzv iurp Sursrvlwlrq 81
+51, Wkh  rz uhyhqxhv sU +, tU +, duh frqyh{ lq  dqg yU +, lv olqhdu lq 1 Lw wkhq iroorzv diwhu
revhuylqj wkdw sU +3, tU +3, @ yU +3, dqg sU +4, tU +4, @ yU +4,/ wkdw sU +, tU +, ? yU +, iru doo
 5 +3> 4,1 E| wkh Ehoopdq htxdwlrq +45,/ wklv lpsolhv wkdw Y U +, A 3 iru doo  5 +3> 4,1
68
Surri ri Sursrvlwlrq :1 Zh uvw revhuyh wkdw wkh dv|pphwu| lq wkh uhodwlrqvkls ehwzhhq p|rslf
dqg lqwhuwhpsrudo txdqwlwlhv iru wkh vhoohuv iroorzv gluhfwo| iurp wkh ehvw uhvsrqvh ixqfwlrq edvhg
rq +49,1 Lw lv wkhuhiruh vx!flhqw wr frqvlghu wkh uhodwlrqvkls ehwzhhq t. +, dqg T. +,1 Lw
iroorzv iurp wkh uvw rughu frqglwlrq +46, ri wkh hqwudqw/ wkdw t. +, A T. +, li dqg rqo| li
Y . +, A 31 Olnhzlvh t. +, ? T. +, li dqg rqo| li Y

. +, ? 31 Wkh uhvxowv frqfhuqlqj wkh
htxloleulxp txdqwlwlhv iroorz wkhq gluhfwo| iurp Sursrvlwlrq 91
Iru wkh htxloleulxp sulfhv frqvlghu uvw wkh lqwhuydo  5 ^3> 6`1 Dv wkh lqhtxdolw| t. +, A T. +,
ohdgv wr tU +, ? TU +,/ wkh ehvw uhvsrqvh ixqfwlrq edvhg rq +49, lpsolhv wrjhwkhu zlwk pdunhw
fohdulqj frqglwlrq +9, wkdw s. +, ? S. +,/ zklfk lq wxuq ohdgv wr sU +, ? SU +,1 Frqvlghu
qh{w wkh lqwhuydo  5 ^6> S`1 Wkh lqhtxdolw| t. +, A T. +, ohdgv wr tU +, ? TU +,1 Wkh
ehvw uhvsrqvh ixqfwlrq edvhg rq +49, lpsolhv wrjhwkhu zlwk pdunhw fohdulqj frqglwlrq +:, wkdw
sU +, ? SU +,/ zklfk lq wxuq ohdgv wr s. +, ? S. +,1 Lq wkh uhpdlqlqj lqwhuydo  5 ^S> 4`/ wkh
lqhtxdolw| t. +, ? T. +, ohdgv wr tU +, A TU +,1 Wkh ehvw uhvsrqvh ixqfwlrq +49, wrjhwkhu zlwk
pdunhw fohdulqj frqglwlrq +:, lpsolhv wkdw sU +, A SU +,/ zklfk lq wxuq ohdgv wr s. +, A S. +,1
Surri ri Sursrvlwlrq ;1 Wkh fdvh ri . +T. +, > TU +, m, ? y. +, zdv dujxhg lq wkh wh{w1
Vxssrvh qrz wkdw . +T. +, >TU +, m, A y. +,1 Vxssrvh uvw wkdw t. ? T. +,/ wkhq zh zdqw
wr vkrz wkdw dw t./ . +t.> tU +t., m, A y. +,1 Wkh dujxphqw lv e| frqwudglfwlrq1 Vxssrvh qrw/
wkhq lw zrxog iroorz iurp wkh Ehoopdq htxdwlrq wkdw Y . +, A 3/ exw wkhq t. ? T. +,/ fdqqrw eh
dq htxloleulxp/ dv wkh hqwudqw zrxog kdyh dq lqfhqwlyh wr ghyldwh dqg lqfuhdvh wkh txdqwlw|1 E| d
vlplodu dujxphqw/ zh fdq h{foxgh wkh srvvlelolw| ri t. A T. +, zkhuh . +t. > tU +t., m, A y. +,
krogv vlpxowdqhrxvo|1
Ilqdoo| zh suhvhqw vx!flhqw frqglwlrqv wr uxoh rxw srvvleoh htxloleuld lq wkh uhjlrq zkhuh
t. A T. +, dqg . +t.> tU +t., m, ? y. +,1 Revhuyh uvw iru doo t. vx!flhqwo| forvh wr T. +,/
zh kdyh=
t.
C. +t.> tU +t., m,
Ct.
? . +t. > tU +t., m, y. +, = +69,
D vx!flhqw frqglwlrq wr uxoh rxw htxloleuld zlwk t. A T. +, lv wkhuhiruh wkdw wkh ghulydwlyh ri
wkh okv lv dozd|v ehorz wkh ghulydwlyh ri wkh ukv iru t. A T. +, = Xvlqj wkh idfw wkdw
. +t. > tU +t., m, @ s. +t. > tU +t.,, t.
69
zh pd| uhzulwh wkh lqhtxdolw| +69, dv
t2.
Cs. +t.> tU +t.,,
Ct.
? y. +, =
Wkh vx!flhqw frqglwlrq fdq wkhq eh zulwwhq dv
5




C2s. +t. > tU +t.,,
Ct2.
.





Dv wkh uvw whup lv dozd|v vwulfwo| qhjdwlyh lqghshqghqw ri wkh I +,/ lw iroorzv wkdw lw lv vx!flhqw
wr vkrz wkdw
C2s. +t. > tU +t.,,
Ct2.
.
C2s. +t. > tU +t.,,
CtUCt.
tU +t.,  3=
Frqvlghu uvw  +,  v> wkhq wkh htxloleulxp sulfh ri wkh hqwudqw fdq eh zulwwhq dv=
s. @  +,I
3 +4 t.  tU, >
dqg khqfh
C2s. +t.> tU +t.,,
Ct2.
@
C2s. +t. > tU +t.,,
CtUCt.
=
Wkh vx!flhqw frqglwlrq +6:, fdq wkhq eh zulwwhq dv
5
Cs. +t.> tU +t.,,
Ct.
. t.
C2s. +t. > tU +t.,,
Ct2.

4 . tU +t.,

? 3= +6;,
E| wkh dvvxpswlrq ri frqfdylw| ri wkh surw ixqfwlrq ri wkh gxrsrolvw=
5
Cs. +t.> tU +t.,,
Ct.
. t.




C2s. +t. > tU +t.,,
Ct2.
A 3>
wkhq +6;, krogv vlqfh tU +t., ? 3 e| wkh vwdelolw| ri wkh ehvw uhvsrqvh1 Rq wkh rwkhu kdqg/ li
C2s. +t. > tU +t.,,
Ct2.
? 3>
wkhq +6;, krogv vlqfh




dqg 4 . tU +t., A 3=
Qh{w vxssrvh wkdw  +, A v= Wkhq wkh sulfh ri wkh hqwudqw lv jlyhq e|=
s. @  +,I
3 +4 t., . v

I3 +4 t.  tU, I3 +4 t.,

Ohw K +, eh wkh lqyhuvh ixqfwlrq ri I / ru K @ I3/ dqg ohw k eh wkh uvw ghulydwlyh ri K1 Wkh
frqglwlrq +6:, fdq eh zulwwhq dv=
5 ^k +4 t., + +, v, . k +4 t.  tU, v` .
t.

k +4 t., + +, v, .

4 . tU +t.,

k +4 t.  tU, v

? 3= +6<,
E| frqfdylw| ri wkh surw ixqfwlrq ri wkh prqrsrolvw/ zh nqrz wkdw
5k +4 t.  tU, + +, v, . t.k +4 t.  tU, + +, v, ? 3 +73,
dqg dovr
5k +4 t., + +, v, . t.k +4 t., + +, v, ? 3= +74,
Exw vlqfh 3 ? 4 . tU +t., ? 4>5k +4 t.  tU, + +, v, . t.k +4 t.  tU, + +, v, 4 . tU +t., ? 3>
dqg wkhuhiruh
5k +4 t.  tU, v.

4 . tU +t.,

t.k
 +4 t.  tU, v ? 3= +75,
Ilqdoo| dgglqj +74, dqg +75, |lhogv +6<,1
6;
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